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There are many flat groups (versus none), including Heisenberg 
groups. While still a semidirect product, the isometry group 
can be strictly larger than the obvious analogue. Everything is 
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H-type and completes Ciatti's partial extension. We give a gen- 
eral construction for algebras of pH-type. 
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1 Introduction 

While there had not been much pubhshed on the geometry of nilpotent Lie 
groups with a left-invariant Ricmannian metric in 1990 [10], the situation 
is certainly better now; see [15, 17, 23] and the references in [11]. However, 
there is still almost nothing extant about the more general pseudoriemannian 
case. In particular, the 2-stcp nilpotent groups are nonabelian and as close as 
possible to being Abclian, but display a rich variety of new and interesting 
geometric phenomena. As in the Riemannian case, one of many places 
where they arise naturally is as groups of isometries acting on horospheres 
in certain (pseudoriemannian) symmetric spaces. Another is in the Iwasawa 
decomposition of semisimple groups with the Killing metric, which need not 
be definite. Here we begin the study of these groups. 

One motivation for our study was our observation in [8] that there are 
two nonisometric pseudoriemannian metrics on the Heisenberg group H^, 
one of which is flat. This is a strong contrast to the Riemannian case in 
which there is only one (up to positive homothety) and it is not flat. This 
is not an anomaly, as we shall see later. We were also inspired by the paper 
of Eberlein [10, 11], and followed it quite closely in some places. Since the 
published version is not identical to the preprint, we have cited both where 
appropriate. 

While the geometric properties of Lie groups with left-invariant definite 
metric tensors have been studied extensively, the same has not occurred 
for indefinite metric tensors. For example, while the paper of Milnor [18] 
has already become a classic reference, in particular for the classification 
of positive definite (Riemannian) metrics on 3-dimensional Lie groups, a 
classification of the left-invariant Lorentzian metric tensors on these groups 
became available only very recently [8]. Similarly, only a few partial results 
in the line of Milnor's study of definite metrics were previously known for 
indefinite metrics [1, 19]. Moreover, in dimension 3 there are only two types 
of metric tensors: Riemannian (definite) and Lorentzian (indefinite). But in 
higher dimensions there are many distinct types of indefinite metrics while 
there is still essentially only one type of definite metric. This is another 
reason our work here has special interest. 

By an inner product on a vector space V we shall mean a nondegenerate, 
symmetric bilinear form on V, generally denoted by ( ,). In particular, we 

do not assume that it is positive definite. Our convention is that G ^ is 
timelike if {v,v) > 0, null if {v,v) = 0, and spacelike if {v,v) < 0. 
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Throughout, wiU denote a conneeted, 2-step nilpotent Lie group with 
Lie algebra n having center 3. (Recall that 2-step means [n, n] C 3.) We shall 
use ( , ) to denote either an inner product on n or the induced left-invariant 
pseudoriemannian (indefinite) metric tensor on A'^. 

In Section 2, we give the fundamental definitions and examples used in 
the rest of this paper. The main problem encountered is that the center 3 of 
n may be degenerate: it might contain a (totally) null subspace. We shall see 
that this possible degeneracy of the center causes the essential differences 
between the Riemannian and pseudoriemannian cases. At the end is our 
pseudoriemannian pH-type, and a kind of equivalence with H-type. Our 
pH-type actually refines H-type: each group of H-type has many different 
(inequivalcnt) structures of pH-type on it. 

Section 3 contains the formulas for the connection and curvatures, and 
gives the explicit forms in each of the examples from Section 2. We find a 
relatively large class of flat spaces, a clear distinction from the Riemannian 
case in which there are none. We also show that a pseudoeuclidcan dc Rham 
factor is characterized in terms of j when the center is nondcgenerate. 

Much like the Riemannian case, we would expect that (A^, ( , )) should in 
some sense be similar to flat pseudoeuclidcan space. This is seen in the exam- 
ples of totally geodesic subgroups in Section 4. We also show the existence of 
dim 3 independent first integrals, a familiar result in pseudoeuclidcan space, 
and integrate the geodesic equations, in certain cases obtaining completely 
explicit formulas. Unlike the Riemannian case, there are flat groups which 
are isometric to pseudoeuclidcan spaces. 

Section 5 contains basic information on the isometry group. In particu- 
lar, it can be strictly larger in a significant way than in the Riemannian (or 
pseudoriemannian with nondcgenerate center) case. 

Section 6 begins with a basic treatment of lattices T in these groups. 
The tori Tp and Tb provide the model fiber and the base for a submersion 
of r\N. This submersion may not be pseudoriemannian in the usual sense, 
because the tori may be degenerate. We then begin the study of periodic 
geodesies in these compact nilmanifolds, obtaining a complete calculation of 
the period spectrum for the flat spaces of Section 3. 

Finally, section 7 details the construction of Lie algebras of pH-type from 
vector spaces with given data (an inner product and a j-operator) . This is 
a generalization of the construction of Kaplan [13], but we have not used 
the language of Clifford modules here. 

We recall some basic facts about 2-step nilpotent Lie groups. As with 
all nilpotent Lie groups, the exponential map exp : n ^ N is surjective. 
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Indeed, it is a diffeomorphism for simply connected N; in this case we shall 
denote the inverse by log. The Baker-Campbell-Hausdorff formula takes on 
a particularly simple form in these groups: 

exp(x)exp(y) = exp(x + y + y]) . (1.1) 

Letting L„ denote left translation by n e N, we have the following descrip- 
tion. 

Lemma 1.1 Let n denote a 2-step nilpotent Lie algebra and N the corre- 
sponding simply connected Lie group. If x,a E n, then 

exp^^(a^) = i^exp(a:)* {a + l[a,x]) 

where denotes the initial velocity vector of the curve 1 1-^ x + ta. □ 

Corollary 1.2 In a pseudoriemannian 2-step nilpotent Lie group, the ex- 
ponential map preserves causal character. Alternatively, 1-parameter sub- 
groups are curves of constant causal character. 

Proof: For the 1-parameter subgroup c{t) = exp(ta), c{t) = expj„,(a) = 
and left translations are isometries. □ 

Of course, 1-parameter subgroups need not be geodesies; see Example 4.1. 

We shall also need some basic facts about lattices in N. In nilpotent Lie 
groups, a lattice is a discrete subgroup T such that the homogeneous space 
M = r\N is compact [22]. Lattices do not always exist in nilpotent Lie 
groups [16]. 

Theorem 1.3 The simply connected, nilpotent Lie group N admits a lattice 
if and only if there exists a basis of its Lie algebra n for which the structure 
constants are rational. 

Such a group is said to have a rational structure, or simply to be rational. 
We recall the result of Marsden from [20] . 

Theorem 1.4 A compact, homogeneous pseudoriemannian space is com- 
plete. 

Thus if a rational N is provided with a bi-invariant metric tensor ( , ) , then M 
becomes a compact, homogeneous pseudoriemannian space which is there- 
fore complete. It follows that (iV, ( , )) is itself complete. In general, however, 
the metric tensor is not bi-invariant and N need not be complete. 

For 2-step nilpotent Lie groups, things work nicely as shown by this 
result first published by Guediri [12]. 
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Theorem 1.5 On a 2-step nilpotent Lie group, all left-invariant pseudorie- 
mannian metrics are geodesically complete. 

Proof: This follows from the complete integrability of the geodesic equa- 
tions (4.1), or from the integration of them in Theorem 4.11. q 

He also provided an explicit example of an incomplete metric on a 3-step 
nilpotent Lie group. 

2 Definitions and Examples 

In the Riemannian (positive-definite) case, one splits n = 3©d = 3 ©3""" where 
the superscript denotes the orthogonal complement with respect to the inner 
product (,). In the general pseudoriemannian case, however, 3 © 3""" / n. 
The problem is that 3 might be a degenerate subspace; i.e., it might contain 
a null subspace ii for which il C it-"- . 

Thus wc shall have to adopt a more complicated decomposition of n. 
Observe that if 3 is degenerate, the null subspace il is well defined invariantly. 
We shall use a decomposition 

n = 3© =il©3©5J© € 

in which 3 = il © 3 and d = 5J © il and QJ are complementary null 
subspaces, and il^ H = 3 © ^- Although the choice of 5J is not well 
defined invariantly, once a 23 has been chosen then 3 and <E are well defined 
invariantly. Indeed, 3 is the portion of the center 3 in il-"- n 53-"- and € is its 
orthocomplement in il^ n . 

Wc now fix a choice of 53 (and therefore 3 and £) to be maintained 
throughout this paper. Whenever the effect of this choice is to be considered, 
it will be done so explicitly. 

Having fixed 03, observe that the inner product ( , ) provides a dual pair- 
ing between il and 53; i.e., isomorphisms il* = 53 and il = 53*. Thus the 
choice of a basis {ui} in il determines an isomorphism il = 53 {via the dual 
basis {vi} in 53). 

In addition to the choice of 53, we now also fix a basis of il to be main- 
tained throughout this paper. Whenever the effect of this choice is to be 
considered, it will also be done so explicitly. 

We shall also need to use an involution i that interchanges il and 53 
by this isomorphism and which reduces to the identity on 3 © ^ in the 
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Riemannian (positive-definite) case. The choice of such an involution is 
not significant, and we have chosen the one which is most natural for the 
discussion of i7-typc (see infra). In terms of chosen orthonormal bases {za} 
of 3 and {co} of (£, 



L{Ui) = Vi, 

where, as usual, 



i{Vi)=Ui, i{Za)=eaZ, 
1) {^aj Za} £o 



^(^a) j 



Then t(il) = 9J, t(QJ) = il, t(3) = 3, t((£) = € and 6^ = /. With respect to 
this basis {uj, Za,Vi,ea} of n, t is given by the following matrix: 






1 ••• 
••• 1 









1 • 
• 





1 







6 
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We note that this is also the matrix of ( , ) on the same basis; however, t 
is a linear transformation, so it will transform differently with respect to a 
change of basis. 

It is obvious that l is self adjoint with respect to the inner product. 



{Lx,y) = {x,Ly), 



x,y £n, 



(2.1) 



so i is an isometry of n. (However, it does not integrate to an isometry of 
N; see after Example 3.22.) Moreover, 



(x, Lx) = if and only if x = 0, x G n . 



(2.2) 



Now consider the adjoint with respect to ( , ) of the adjoint representation 
of the Lie algebra n on itself, to be denoted by ad^ First note that for all 
a G 3, ad)^ • = 0. Thus for all y € n, ad^, y maps 2J © £ to il © ^. Moreover, 
for all « G il we have ad^, u = and for all e G (S also ad^. e = 0. Following 
[13, 10, 11], we next define the operator j. Note the use of the involution i 
to obtain a good analogy to the Riemannian case. 
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Definition 2.1 The linear mapping 



j : il e 3 ^ End (9J 

is given by 

j{a)x = iSkdl La . 

Equivalently, one has the following characterization: 

{j{a)x,iy) = {[x,y],La), a e ii® 3 , x,y e ^ ® . (2.3) 

We shall see in Section 3 that this map (together with the Lie algebra 
structure of n) determines the geometry of A'^ just as in the Riemannian 
case [11]. 

The operator j is i-skewadjoint with respect to the inner product ( , ). 
Proposition 2.2 For every a G it © 3 and all x,y ® (£, 

{j{a)x,Ly) + {ix,j{a)y) =0. 

Proof: 

{j{a)x,iy) = {[x,y],La) = -{[y,x],ia) = -{ix,j{a)y) ^ 

Although this is not the traditional skewadjoint property, it turns out to 
be just what is needed in our generalization of if-type (c/. Definition 2.8 
and following). The Riemannian version [13, 11] is easily obtained as the 
particular case when we assume il = 9J = {0} and the inner product on 
3 © £ is positive definite {i.e., £a = ea = 1); then l = I and we recover the 
definitions of [13]. This recovery of the Riemannian case continues in all 
that follows. 

Recall that the Lie algebra n is said to be nonsingular if and only if ad^^ 
maps n onto 3 for every x G n — 3. As in [11], we immediately obtain 

Lemma 2.3 The 2-step nilpotent Lie algebra n is nonsingular if and only if 
for every a G il© 3 the maps j{a) are nonsingular, for every inner product 
on n, every choice of QJ, every basis of il, and every choice of l. □ 

Next we consider some examples of these Lie groups to which we shall 
return in subsequent sections. 
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Example 2.4 The usual inner products on the 3-dimensional Heiscnbcrg 
algebra lig may be described as follows. On an orthonormal basis {z, 61,62} 
the structure equation is 

[61,62] = z 

with nontrivial inner products 

£ = {z,z), ei = {ei,6i), £2 = (62,62). 
We find the nontrivial adjoint maps as 

ad^^ z = ££2 62 , ad^^ z = —esi 61 
with the rest vanishing. On the basis {61, 62}, 



i(^) 



-1 

1 



so j{zf 



-I2. Moreover, a direct computation shows that 



J [a) 



-{a, ia)l2 



for all a G 3 • 



This construction extends to the generalized Heisenberg groups H{p, 1) 
of dimension 2p+l with non-null center of dimension 1 generated by z, and 
we find 





ip 



Example 2.5 In [8] wc gave an inner product on the 3-dimensional Heisen- 
berg algebra for which the center is degenerate. First we recall that on an 

orthonormal basis {61, 62, 63} with signature (H ) the structure equations 

are 

[63,61] = i(ei - 62) , 
[63,62] = 5(61 - 62) , 



61,62 



0. 



The center 3 is the span of Ci — 62 and is in fact null. 

We take a new basis {u = -^{62 — 61), v = -^{62 + 61), e = 63} and find 
the structure equation 

[v, 6] = . 



7 



Generalizing slightly, wc take the nontrivial inner products to be 

{u,v) = l and {e,e)=e. 
We find the nontrivial adjoint maps as 

ad|^ V = ee, ad^ v = —u . 

On the basis {v,e}, 

^^"^=[1 

so j{uY = —l2- Again, a direct computation shows that i(a)^ = — (a, m)J2 
for all a G il. 

Again, this construction extends to H[p, 1) with null center generated 
by u and we find 



-Ij 
Ip 



According to [8], these are all the Lorentzian inner products on fjg up to 
homothety. 

Example 2.6 For the simplest quaternionic Heisenbcrg algebra of dimen- 
sion 7, we may take a basis {ui,U2,z, Vi,V2, 61,62} with structure equations 



[61,62] = z 

[ei,vi] = Ul 

[ei,V2] = U2 



[Vi,V2] = Z 
[62, Vi] = U2 
[62, V2] = -Ul 



and nontrivial inner products 

{Ui, Vj) = 6ij , {Z,Z) =e, {6a, 6a) = • 

As usual, each ^-symbol is ±1 independently (this is a combined null and 

orthonormal basis), so the signature is (+ H ££1 £2). 

The nontrivial adjoint maps are 



ad^^ z 


= eu2 


adl^ z 


= 88262 


adl^ vi 


= -Si ei 


adl^ vi 


= Ul 




= -£262 


adl^ V2 


= U2 


adi, z 


= —eui 


adi, z 


= —££i 61 


adt, vi 


= £262 


adl, vi 


= —U2 


adj;, V2 


= -£i 61 


adl, V2 


= Ul 
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For j on the basis {t'l, 1^2, Ci, 62} we obtain 



10 
-1 
-10 
10 



so j{uiy 



-L 



J{U2) = 



1 

10 
0-100 
-10 



so j{u2f 



—li, and 



0-100 
10 

-1 
10 



so j{zy = Again, a direct computation shows that j(a)^ = — (a, ia)/4 
for aU a G il© 3- 

Once again, this construction may be extended to a nondegenerate cen- 
ter, to a degenerate center with a null subspace of dimensions 1 or 3, and 
to quaternionic algebras of all dimensions. 

All of the examples so far are of H-type; the next one is not. 

Example 2.7 For the generalized Heisenberg group H{1, 2) of dimension 
5 we take the basis {n, z, v, ei, 62} with structure equations 



The signature is (H — eei £2)- We find the nontrivial adjoint maps. 




and nontrivial inner products 



{u,v) = l, {z,z)=e, {ea,ea)=ea. 



adl V = €262 
ad! V = —u 



adg^ z = ee2 62 
ad^, z = -££1 Ci 



9 



On the basis {u, Ci, 62}, 



0-1 



1 



so j{uf ^00-/2, and 





0-1 
1 



with j{zy =0© -I2. 

This construction, too, extends to the generahzed Heisenberg groups 
H{l,p) with p > 2 which are not of H-typc. The dimension is again 2p + 1, 
but now the center has dimension p. In each case, the j-endomorphisms 
have rank 2 with a similar appearance. 

Prom these examples, it seems natural to extend the usual (positive- 
definite) definition of H-type to indefinite inner products. 

Definition 2.8 A 2-step nilpotent Lie algebra n with indefinite inner prod- 
uct { , ) and chosen subspace 9J as in Section 2 is said to be of pH-type 
(pseudo H-type) if and only if 



for every choice 0/ a G it 3 • 

We note that it is easy to verify that this is true for one choice of 5J and 
i if and only if it is true for any choice of 2J and l. In the positive-definite 
case, this reduces to the usual notion of if-type [11, 13]. In the case of 
a nondegenerate center, Ciatti [6] has made an equivalent definition and 
obtained similar results. Clearly, if n is of pH-type then n is nonsingular. 

Now it is easy to obtain formulas which are similar to those in the 
positive-definite case (sec, for example, [11], (1.7)). 

Proposition 2.9 // (n, (,),QJ) is of pH-type then the following identities 
hold: 

{j{a)x, ij{a)x) = {a, La){x, lx) for a// a G it © 3, x G 2J © (S ; 

{j{a)x, ij{a)y) = {a, ia){x, by) for a// a G it© 3; x, y G 23 © l£ ; 

{j{a)x, Lj{b)x) = {a, ib) {x, lx) for all a,b e iX® 3, a;GQ30€; 



j{ay = -{a,ia)I on23©(£ 



j{a)oj{b) +j{b)oj{a) = -2{a,ib)I for a// a,6 G il0 3- 
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Proof: All the identities follow easily taking into account (2.1), Proposi- 
tion 2.2, and the definition of pH-type. 
For the first, we have 

{j{a)x,ij{a)x) = -{ix,j{a){j{a)x)) 
= —{Lx, — {a, ia)x) 
= (a, La){x, ix). 

The second and the third identities follow from this one by polarization. 
For the second, we compute as follows: 

{j{a){x + y),ij{a){x + y)) = {a,ia){x,ix) + 2{j{a)x, ij{a)y) + {a, ia){y, iy); 

on the other hand, 

{j{a){x + y),Lj{a){x + y)) = {a, La){x + y, l{x + y)) 

= (a, m) {{x, ix) + 2{x, ly) + {y, ly)) . 

Similarly for the third: 

{j{a + h)x,ij{a-\-h)x) = {a, La){x, ix) + 2{j{a)x, Lj{b)x) + {b, Lb){x, lx); 

on the other hand, 

{j{a + b)x,Lj{a + b)x) = {a + b, i{a + b)){x, lx) 

= ((a, la) + 2(a, ib) + (6, tb)) {x, lx). 

In order to prove the fourth identity, we polarize the formula in Defini- 
tion 2.8: 

j{a + b^x = —{a + b, L{a + b))x 

= — {{a, La) + 2(a, ib) + {b, Lb)) x 
= j{afx — 2(a, Lb)x + jib^x ; 

on the other hand, 

j{a + 6) (j(a + b)x) = j{afx + j{a) {j{b)x) + j{b) {j{a)x) + j{bfx . ^ 

There are no new 2-step nilpotent groups of pH-type. 

Proposition 2.10 The 2-step nilpotent Lie group N is of H-type if and 
only if it is of pH-type. 
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Proof: Suppose {N,{,),^,l) is oi pH-type. Consider tlie associated left- 
invariant Riemannian metric ( , ) given by {x, y) = {x, ty) and let j and 
J be the respective j-maps. Then {j{a)x,y) = {[x,y\,a) = {\x,y\,ia) = 
{j{a)x,Ly) for all a G 3 and x,y £ 0, noting that is the same for both 
inner products by construction. Thus j{a) = j{a) for every a G 3, so J(a)^ = 
j{ay = —{a, ia)I = —{a, a)I and (A^, ( , )) is of iJ-type. 

The converse follows by choosing any ( , )-orthonormal basis, then choos- 
ing an associated ( , ) and i, and then reversing the preceding argument. □ 

But there are a lot of new geometries now on these groups. Indeed, given 

a left-invariant Riemannian metric ( , ) on a Lie group N of i7-type, the 
number of nonisometric, associated pseudoriemannian metrics ( , ) grows ex- 
ponentially with dim A?', as is easily seen by looking at the possible matrices 
for L. 

Thus the notion of H-typc or pH-typc is more fundamentally a group 
property than a geometric property. This was already suggested by the 
result of Kaplan [14] that a naturally reductive group of H-type has a center 
of dimension 1 or 3 only. Our result also shows that Ciatti's [6] family 
of admissible algebras with nondegenerate center is a subfamily of ours, 
and thus part of Kaplan's [13]. See Section 7 for a general construction of 
algebras of pH-iype. 

3 Connection and Curvatures 

The Levi-Civita connection is given by 



for all x,y En. 

Theorem 3.1 Let N be a 2-step nilpotent Lie group with left-invariant 
pseudoriemannian metric tensor { , ) and Lie algebra n = il©3©QJ©£ 
decomposed as in Section 2. For all u,u' G il, z,z' G 3; v,v' G 9J, e, e' G (£, 
and X G 2J © ^ , we have 




Vuu' = VuZ = V,u = V,z' = , 
= VyU = V„e = VeU = , 

V;,x = Va^z = -\ij{Lz)x, 
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V„e = ^(\v,e] - ij{iv)ej , (3.5) 

VeV = ^([e,v] - Lj{Lv)ej , (3.6) 

Vee' = i[e,e']. (3.7) 

□ 

Example 3.2 Continuing from Example 2.4, the Levi-Civita connection 
for the Heisenberg group with non-null center is given by 



ei^ — 2^^^ ^ T7 1 V7 

1 _ VeiCa = 2^ = -VesCl 



with the rest vanishing. 

Example 3.3 Continuing Example 2.5, the Levi-Civita connection for the 
Heisenberg group with null center is given by 

VvV = —£e V„e = u 

with the rest vanishing. 

Example 3.4 Continuing Example 2.6, the Levi-Civita connection for our 
quaternionic Heisenberg algebra is given by 





= ^vrZ = 


-\eu2 


VzCi = 


Vei^ = 


-\££2 62 




= V^^z = 




V2e2 = 


^e,Z = 


\££i ei 






= £1 ei 




= -ui 








= b 




= —U2 








= -b 


Ve,t;i 


= U2 








= £1 ei 




= -Ui 





Ve^es = \z = -Ve^ei 

with the rest vanishing. 

Example 3.5 Continuing Example 2.7, the Levi-Civita connection for the 
group ii"(l,2) is given by 

V^ei = Vei2; = -\e£2 62 V ze2 = Ve^^ = ^££1 ei 
VyV = —£262 V„e2 = u 

VeiCs = \z = -Ve^ei 

with the rest vanishing. 



13 



The curvature operator is given by 

R{x,y)w = V^VyW - VyVa:W - V[x,y]iu 

for all x,y,w G n. We denote the projections of vectors in n onto the 

subspaces of Section 2 by superscripts, w = + + + w'^, and note 
that (lw)^ = iw^ , (lw)^ = LVJ-^, {lw)'^ = lw^, and {lwY 



tw . 



Theorem 3.6 Let N be a 2-step nilpotent Lie group with left-invariant 
pseudoriemannian metric tensor { , ) and Lie algebra n = it©3©^©'2; 
decomposed as in Section 2. For all u, u' G il, z, z' G 3; v, v' G *2J, e, e' G C;, 
and a; G 9J we have 

R{u, ) = R{ , )u = 0, (3.8) 
R{z,z')z" = 0, (3.9) 

R{z,z')x = \[ijiiz)[Lj{iz')xf - tj{iz')[tj{iz)xf) , (3.10) 

Riz,x)z' = \ij{Lz)[ij{Lz')xf , (3.11) 
R{Z,V)V' = \(jv,Lj{Lz)v'] + ij{Lz)[Lj{Lv)v']'^ - ij {iv)[Lj {lz)v']'^ 

+ Lj{iz)[LjiLv')v]'') , (3.12) 

R{z,v)e = \(\v,ij{Lz)e] + ij{Lz)[Lj{Lv)e]'^ - ij{Lv)[ij{Lz)e]'^'j , (3.13) 

Riz, e)v = i([e, i3{iz)v] + ij{iz)[ij{iv)ef) , (3.14) 
R{z,e)e' = \[e,ij{iz)e'], (3.15) 

R{V,V')Z = -l([Lj{iz)v,v'] + [v,Lj{Lz)v'] - Lj{Lv)[Lj{Lz)v']'^ 

+ LjiLv')[Lj{Lz)v]''), (3.16) 

R{V,V')V" = -l([v,Lj{iv')v" + Lj{iv")v'] - [v',Lj{Lv)v" + ij{iv")v] 
- ij{i[v,v"]')v' + ij{i[v',v'f)v - Lj{Lv)[ij{Lv')v'T 

+ ij{iv')[ij{iv)v'T-^j{^v)[^j{^v")vT 

+ ij{iv')[ij{iv")vf) + '^Lj{L[v,vf)v" , (3.17) 

R{v,v')e = -j([Lj{Lv)e,v'] + [v,Lj{Lv')e\ - Lj{L[v,e\^)v' 

+ i^Jii-W, e\^)v - Lj{Lv)[Lj{Lv')ef + Lj{Lv')[Lj{Lv)ef^ 

+ hj{t[v,vf)e, (3.18) 
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R{v,e)z = -l(\y,Lj{iz)e] + [ij{Lz)v,e] - Lj{Lv)[Lj{iz)ef'j , (3.19) 
R{v,e)v' = -j([v,Lj{Lv')e\ + [Lj{Lv)v' + Lj{Lv')v,e\ 

- Lj{L[v,v']^)e - Lj{L[v',e\^)v - Lj{Lv)[Lj{Lv')ef^ 

+ '^ij{i[v,e]^)v' , (3.20) 
R{v,e)e' = \([e, ij{Lv)e'] + ij{L[v,e']^)e - Lj{L[e,e']^)v) 

+ lij{i[v,e]^)e' , (3.21) 

R{e,e')z = -l{[e,ijiLz)e'] + [ij{iz)e,e']) , (3.22) 
R{e,e')v = -j([e,ij{Lv)e'] + [Lj{Lv)e,e'] + Lj{L[v,e]^)e' 

- Lj{i[v, ef )e) + '^ij{t[e, e']^)v , (3.23) 

R{e,e')e" = l(^cj{t[e,e'f)e' - ijit[e' ,e'f)e) + ^^ij{i[e,e']^)e'' . (3.24) 

□ 

Together with the formulas for the connection in Theorem 3.1, these show 
that the map j together with the Lie algebra structure of n does indeed 
completely determine the geometry of as in the Riemannian case. Since j 
only occurs as lJl = ad\ the appearance of l is an artifact. It might better 
be said that the map ad^ and the Lie algebra structure of n completely 
determine the geometry. 

Example 3.7 Continuing from Examples 2.4 and 3.2, we find the nontrivial 
curvature operators for the Heisenberg group with non-null center. 

R{z,ei)z = -\ei£2ei R{z,e2)z = -\Eie2&2 

R(z, ei)ei = \Ee2Z i?(ei, 62)61 = \eE2e2 

R{z, €2)62 = \eexz i?(ei, 62)62 = -feeiCi 

Example 3.8 Continuing from Examples 2.5 and 3.3, we find that all cur- 
vatures for the Heisenberg group with null center vanish identically: this 
example is flat. 

When p > 2, however, the geometry on R{j), 1) is not flat. 

Thus there is more than one geometry on the Heisenberg group up to ho- 
mothety, in contrast to the Riemannian case of only one. 



15 



Example 3.9 Continuing from Examples 2.6 and 3.4, we find the nontrivial 
curvature operators for our quaternionic Heisenberg algebra. 



R{z, vi)vi = -\eeie2e2 
R{z, Vi)e2 = |eei tii 

R{Z, V2)V2 = -^££16262 

R{z, V2)e2 = \e£i U2 



R{z,ei)z = -i£i£2ei 
R{z, ei)ei = \ei2Z 

R{z,e2)z = -\ei£2e2 
R{z, e2)e2 = \ee\z 



R(vi,V2)vi = (£1 + le)u2 

R{VI,V2)V2 = -(£1 + f£)'Ui 

R{vi,V2)ei = \ee2e2 
R{vi,V2)e2 = -\eeiex 
R{vi,e2)v2 = -\eei Ci 



R{vi,ei)v2 = ^££262 

R{vi,ex)e2 = -\eu2 

R{vi, 62)2; = -^££1 ui 

R{vi,e2)vi = \eiz 

1,62)61 = j£'U2 



R{v2.,e^vx = -^££262 R{v2,ei)e2 = \eui 

R{v2,e2)z = -\e£iU2 R{ei,e2)vi = \eu2 

R{v2,e2)vi = i££iei i?(ei, 62)^2 = -^eui 

R{v2,e2)v2 = \£iz i?(ei, 62)61 = §££262 

i?(f2, 62)61 = -\eUi i?(6i, 62)62 = -|££l6i 

Example 3.10 Continuing from Examples 2.7 and 3.5, we find the non- 
trivial curvature operators for the group if(l,2). 

R{z,v)v = -i££i£2 6i R{z,v)ei = i££2« 

R{z,ei)z = -|£i£2 6i R{z, ei)ei = \e£2Z 

R{z,e2)z = -|;£i£2 62 62)62 = jEEl Z 

R{v,ei)z = -\ee2U R{v,ei)v = ^62 z 

-R(6i, 62)61 = §££262 i?(ei, 62)62 = -§££161 

Let x,y G n. Recall that homaloidal planes are those for which the 
numerator {R{x, y)y, x) of the sectional curvature formula vanishes. This 
notion is useful for degenerate planes tangent to spaces that are not of 
constant curvature. 

Theorem 3.11 All central planes are homaloidal: R{z,z')z" = R{u,x)y = 
R{x, y)u = for all z, z', z" ^ "i, u ^ iX, and x,y E n. Thus the nondegen- 
erate part of the center is fiat: 



K{z,z') = 0. 



□ 
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This recovers [11, (2.4), item c)] in the Riemannian case. 

In view of this result, we shall extend the notion of flatness to possibly 
degenerate submanifolds. 

Definition 3.12 A submanifold of a pseudoriemannian manifold is flat if 
and only if every plane tangent to the submanifold is homaloidal. 

Corollary 3.13 The center Z of N is fiat. □ 

Corollary 3.14 The only N of constant curvature are flat. 

Proof: If dimZ > 1, this follows immediately from the previous Corollary. 
If dim Z = 1 and dim N > 4, then from Example 4.2 infra there are abelian 

subgroups of dimension greater than or equal to 2 which give rise to flat 
submanifolds. Finally, the nonflat Heisenberg group has nonconstant curva- 
ture. □ 

The degenerate part of the center can have a profound efi^ect on the 
geometry of the whole group. 

Theorem 3.15 // [n,n] Cil and^ = {0}, then N is fiat. 

Proof: To begin, observe that the flrst part of the hypothesis implies that 
j{z) = for all z G 3- This eliminates most of the possible contributions 
to a nonzero curvature operator. With the second part included, one need 
only check (3.17), and this is readily seen to vanish as well. q 

Among these spaces, those that also have 3 = {0} (which condition itself 
implies [n, n] C il) are fundamental, with the more general ones obtained 
by making nondegenerate central extensions. It is also easy to see that the 
product of any flat group with a nondegenerate abelian factor is still flat. 

This is the best possible result in general. Using weaker hypotheses in 
place of € = {0}, such as [2J, 2J] = {0} = [*£,*£], it is easy to construct 
examples which are not flat. 

Corollary 3.16 If dim Z > \^~\, then there exists a fiat metric on N. q 

Here [r] denotes the least integer greater than or equal to r. 

Before continuing, we pause to collect some facts about the condition 
[n, n] C il and its consequences. 
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Remarks 3.17 Since it implies j{z) = for all z G 3, this latter is possible 
with no pseudoeuclidean de Rham factor, unlike the Riemannian case. 

Also, it implies j{u) interchanges 2J and <E for all ti G it if and only if 
[5J, 5J] = [(£, (£] = {0}. Thus an N of pH-typc can have [n, n] C il if and only 
if 3 = {0}. Examples are the Heisenberg group and the groups H{p, 1) for 
p>2 with null centers. 

Finally we note it implies that, for every u G il, j{u) maps QJ to 9J if and 
only if j{u) maps £ to £ if and only if [QJ, (£] = {0}. 

We now continue with some general formulas for sectional curvature. 

Theorem 3.18 For any orthonormal z G 3 (ind e G €, 

K{z,e) = \s^Se{j{iz)e,j{iz)e) 
with £z = {z, z) and = (e, e) . □ 
This recovers [11, (2.4), item b)] in the Riemannian case. 
Theorem 3.19 Ife,e' are any orthonormal vectors in €, then 

K{e,e') = -lEe'{[e,e'],[e,e']) 
with e = (e, e) and e' = (e', e'). □ 

This recovers [11, (2.4) item a)] in the Riemannian case. 

Some other sectional curvature numerators are also relevant. 

Proposition 3.20 If z e ^, v e^, and e G €, then 

{R{z,v)v,z) = \{j{Lz)v,j{iz)v), 
{R{v,e)e,v) = -l{[v,e],[v,e]) + \{j{iv)e,j{iv)e), 
{R{v,v')v',v) = -l{[v,v'],[v,v']) + ^{j{iv)v' ,j{iv')v) 

+ j[{jiiv')v,jiiv')v) + {j{iv)v',j{Lv)v')) 

- {j{i'V)v,j{iv')v'). ^ 

Example 3.21 Continuing from Examples 2.4, 3.2, and 3.7, we find non- 
trivial sectional curvatures for the Heisenberg group with non-null center. 

K{z,ei) =K{z,e2) = \££i£2 , 
K{ei,e2) = -\££i£2 ■ 
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Example 3.22 Continuing from Examples 2.6, 3.4, and 3.9, we find sec- 
tional curvatures for our quaternionic Heisenberg group. 

{R{vi,V2)v2,Vi) = -(ffi + fe), 
{R{v,e)e,v) = {R{z,v)v,z) = 0, 
K{z,ei) = K{z,e2) = 

K{ei,e2) = -|e£ie2 ■ 

Thus L cannot integrate to an isomctry of N in general, as mentioned after 
equation (2.1). Isometrics must preserve vanishing of sectional curvature, 
and an integral of l would interchange homaloidal and nonhomaloidal planes 
in this example. 

Example 3.23 Continuing from Examples 2.7, 3.5, and 3.10, we find sec- 
tional curvatures for the group H{1, 2). 

{R{v,e)e,v) = {R{z,v)v, z) = 0, 

K{z,ei) = K{z,e2) = |eeie2 , 
K{ei,e2) = -\eeie2 ■ 

The Ricci curvature is a symmetric (0,2)-tensor given by 

Ric(x, y) = tr R{i, x)y) . 

With respect to the basis {uj, z^, Co}, we have 

Ric(a;, y) = ^{R{vi, x)y, Ui) + ^ £„(i?(2;„, x)y, z^) + ^ Sa{R{ea, x)y, e„) 

i a a 

with Ea = {za, z^) and = (co, Ca), where we noted that terms of the form 
{R{ui, x)y,Vi) = for all i. 

Theorem 3.24 Let N be a 2- step nilpotent Lie group with left-invariant 
pseudoriemannian metric tensor { , ) and Lie algebra n = it©3©5J©€ 
decomposed as in Section 2. For all -u G U, z,z' ^ 3; v,v' e ^ €, and 

X G QJ we have 

Ric(n, ) = 0, (3.25) 
Ric(z,z') = \ 'Y^£a{j{iz)ea,j{iz')ea), (3.26) 
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Ric{v,z) = \^ea{j{iv)ea,j{iz)ea), (3.27) 

a 

Ric(e, z) = 0, (3.28) 

Ric('y,'y') = -^^eoc{j{za)v,j{za)v') + j^Sa{j{Lv)ea,j{Lv')ea), 

(3.29) 

Ric(x,e) = -i^e„(i(2a)a;,j(2«)e). (3.30) 

a 

Proof: This is mostly just straight-forward computation, but there are 
some details to be noted carefully. We give one case to illustrate this, in 
which wc use the selfadjointness of i and the t-skewsymmetry of j exten- 
sively. From the definition, 

Ric(a;,e) =^ec{R{x, Zc)zc„e) + ^ea{R{x,ea)ea,e). 

a a 

From Theorem 3.6 and those properties of l and j, 



{R{x,Zc,)za,e) = -l{ij{iZc,)[ij{iZa)xf ,e) 
= j{jiza)x,j{zo,)e). 



The basic trick in all these cases is to expand in an orthonormal basis and 
write 

j {i[ea,x]^) = ^ea,{ij{iZa)ea,x)j{iZa) . 
a 

Then we get 

{R{ea, x)ea, e) = J^{ij{iZa)ea,x){ij{iZa)ea,e) 

= J^^o{j{l'Zo,)x,ea){j{LZa)e,ea) 

a 

= !Xl£a(j'(^a)^>ea)(j(2a)e,ea), 



and summing on a yields 

^ea{R{ea,x)ea,e) = l^ea{j{za)x,j{za)e). 

a a 

This results in the formula for Ric(x, e), and the others are similar. □ 

Corollary 3.25 If j{z) = for all z E ^ and j{u) interchanges 2J and (£ 
for all n G il, then N is Ricci flat. □ 
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Theorem 3.26 Let N be a 2-step nilpotent Lie group with left-invariant 
pseudoriemannian metric tensor { , ) and Lie algebra n = il©3©5J©(£ 
decomposed as in Section 2. The scalar curvature is given by 

iS" = — ^ ^^£a^aO'(-2^a)Ca) j(-2^a)Ca)- |— ] 

a, a 

Corollary 3.27 If j{z) = for all G 3; then N is scalar fiat. In particu- 
lar, this occurs when [n, n] C it. 

Proof: The second part fohows from the observation at the beginning of 
the proof of Theorem 3.15. □ 

Example 3.28 Continuing from Examples 2.4, 3.2, 3.7, and 3.21, we find 
nontrivial Ricci curvatures for the Heisenberg group with non-null center. 

Ric{z,z) = ^6162 
Ric(ei,ei) = -^££2 
Ric(e2,e2) = -^££1 

The scalar curvature is S = — \eeie2- 

For the group Hip, 1) with non-null center, we take a basis of the Lie 
algebra {z, Ci, . . . , e^, Cp+i, . . . , 62^} with structure equation [e,, Cp+j] = z for 
1 <i <p. Then we find 

p 

R\C{Z,Z) = i^£i£p+i, 

i=l 

Ric(ep+,j, ep+i) = — ^££j. 
The scalar curvature is S" = —^£j2i^i^p+i- 

Example 3.29 Continuing from Examples 2.5, 3.3, and 3.8, since the Hei- 
senberg group with null center is flat, it is also Ricci flat and scalar flat. 

For the group H{p,l) with p > 2 and null center, we take a basis 
of the Lie algebra {n, f , 62, . . . , Bp, Cp+i, . . . , e2p} with structure equations 
[v, ep_|_i] = u and [cj, Cp+j] = u for 2 < i < p. Then we find 

p 

Ric{v,v) = l^Eiip+i , 

i=2 

but the scalar curvature vanishes: S = 0. Note that for p odd, with an 
appropriate choice of signature one obtains examples of metrics that are not 
flat, but are Ricci and scalar flat. 
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Example 3.30 Continuing from Examples 2.6, 3.4, 3.9, and 3.22, we find 
nontrivial Ricci curvatures for our quaternionic Heisenberg algebra. 

Ric(2;, z) = \ei£2 
Ric(ei,ei) = -^££2 
Ric(e2,e2) = -^££1 

The scalar curvature \s S = — \££i£2- 

Example 3.31 Continuing from Examples 2.7, 3.5, 3.10, and 3.23, we find 
nontrivial Ricci curvatures for the group i7(l,2). 

Ric(z, z) = |£i£2 

Ric(ei,ei) = -^££2 
Ric(e2,e2) = -^££1 

The scalar curvature is 5" = — |££i£2. 

For the group H{l,p) withp > 2, we take a basis {ui, . . . ,Uq, Zi, . . . , Zp^g, 
Vi, . . . ,Vq, ei, . . . , Cp-q, e} with structure equations [vi, e] = Ui for 1 < i < q 
and [cj, e] = Zj for 1 < j < p — q- Then we find 

mc{Zj,Zj) = \£j£, 

Ric(e,-,e,) = -^£j£, 

p-q 

Ric(e,e) = -i^£j£j. 
The scalar curvature is 5" = —\£^j £j£j- 

We note the amusing low-dimensional coincidence of three of these examples. 

When N has a pscudocuclidean de Rham factor, it may be characterized 
in terms of j; cf. [11, (2.7)]. To use the pseudoriemannian de Rham theorem 
of Wu [26] , we must assume that 3 is nondegenerate. 

Proposition 3.32 Let N be a simply connected, 2-step nilpotent Lie group 

with left-invariant metric tensor { , ) and nondegenerate center. Assume 
that N can be written as a pseudoriemannian product E x N' with E the 
pscudocuclidean de Rham factor and N' the product of all other de Rham 
factors, and write n = e n' as the corresponding orthogonal direct sum. 
Then c C 3 and e = G 3 ] j{z) = j{tz) = 0} = ker_7 PI ker_7t. 
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Proof: For convenience, we shall also denote the corresponding subbundles 
of TN by c and n'. Then we note that e is parallel, integrable, and t-invariant. 
Also, n = 3 D is an orthogonal direct sum and 3 and are i-invariant, since 

we have assumed 3 is nondcgenerate. 

First we show that e n = {0}. Suppose not, with 7^ x G e fl d. 
Then for all 2; G 3, we have j{z)x = —2iV,zX. Since e and d are t-invariant, 
Vt^x G 0, and e is parallel, we deduce that j{z)x G efl for all z G 3. To see 
that j{z)x 7^ for some 2: G 3, choose y G such that [x,y\ 7^ 0. Then for 
z = we find {ij{z)x,y) = {adliz,y) = {[x,y\,iz) = {z,iz) ^ 0. Thus 

ij{z)x 7^ whence 

7^ X G D implies j{z)x 7^ for some 2; G 3 . (3.31) 

Now, for any such 2, we have [x, j(2;)x] G cn3 because x G eHd, j{z)x G ePlD, 
and e is integrable. Moreover, for such a z, we would have {[x, j{z)x\, lz) = 
{ij{z)x,j{z)x) 7^ and [x,j{z)x\ would be another nonzero element in eHO. 
But this would mean that a sectional curvature numerator for [[x,j(z)x]], 
namely {[x,j{z)x\,[x,j{z)x\), is nonvanishing. This contradicts E being 
flat, so we conclude that e fl = {0} as desired. 

Next we show that c C 3. Let 7^ a G c and write a = z + x with 
2; G 3 and x G tJ. To show that x = it suffices by (3.31) to show that 
j{z')x = for all z' G 3. Let 2;' G 3 be fixed but arbitrary. Then the parallel 
and /,-invariant distribution e contains Vt^/a = V^^'X = —^ij{z')x. But from 
the first part of this proof it follows that j{z')x = since j{z')x G c fl d. 
Therefore e C 3. 

We now claim that for all 2; G e, we have j{z) = j{tz) = G End(t)). 
Indeed, for any z G e and x G 0, since e is parallel and t-invariant, lV^z = 
— ^j{Lz)x. But j{tz)x G e n = {0}; similarly, j{z)x = 0. 

Finally, we show that if j{z) = j{iz) = then 2; G e. For any such z set 
e' = [e, 2;], and observe that it suffices to prove that e' is parallel and flat. 
Consider a' G e' and x' G n and write a' = a + tz for some a G e and f G M, 
and x' = 2' + X for some 2' G 3 and x G D. Then 

Vx'Ci' = Vx'Ci + tVx'Z = Vx'Ci — \Lj{iz)x = Vx'fl G e C e' 

so e' is parallel. Now, from e' C 3 it follows that Ves' = for all e, e' G e', 
whence e' is flat. n 



23 



4 Totally Geodesic Subgroups and Geodesies 

We begin by noting that O'Neill [20, Ex. 9, p. 125] has extended the defi- 
nition of totally geodesic to degenerate submanifolds of pseudoriemannian 
manifolds. We shall use this extended version. 

Recall from [20] that the extrinsic and intrinsic curvatures of totally 
geodesic submanifolds coincide. Thus there is an unambiguous notion of 
flatness for them. Note that a connected subgroup N' of is a totally 
geodesic submanifold if and only if it is totally geodesic at the identity 
element of N, because left translations by elements of N' are isometries 
of N that leave N' invariant. A connected, totally geodesic submanifold 
need not be a connected, totally geodesic subgroup, but (N, { , )) has many 
totally geodesic subgroups. Many of them are flat, illustrating the similarity 
to pseudoeuclidean spaces; cf. [11, (2.11)]. 

Example 4.1 For any x G n the 1-parameter subgroup exp(tx) is a geodes- 
ic if and only if adj. x = 0. We find this if and only ii x E ^ or x E it0 €. This 

is essentially the same as the Riemannian case, but with some additional 
geodesic 1-parameter subgroups coming from il. 

Example 4.2 Abclian subspaces of 53 © £ are Lie subalgebras of n, and 
give rise to complete, flat, totally geodesic abelian subgroups of N, just as 
in the Riemannian case [11]. The construction given in [11, (2.11), Ex. 2] is 
valid in general, and shows that if dim 03 © (£ > 1 -|- A; -|- A; dim 3, then every 
nonzero element of 93© £ lies in an abelian subspace of dimension A; -|- 1. 

Example 4.3 The center Z of iV is a complete, flat, totally geodesic sub- 
manifold. Moreover, it determines a foliation of N by its left translates, so 
each leaf is flat and totally geodesic, as in the Riemannian case [11]. In the 
pseudoriemannian case, this foliation in turn is the orthogonal direct sum of 
two foliations determined by il and 3, and the leaves of the il-foliation are 
also null. All these leaves are complete. 

Let 7 be a geodesic in a group N of pH-type. Without loss of generality, 
wc may assume that 7(0) = 1 G iV. Write 7(0) = Qq + Xq G (il © 3) © 
(23 © (2) and suppose that neither nor is zero. Consider the span 
lao, Xq, j{ao)xo} = n' in the Lie algebra n of N. The following lemma shows 
that n' is isomorphic to the 3-dimensional Heisenberg algebra t)^. 

Lemma 4.4 Let n = il©3©23©£ decomposed as in Section 2 be an algebra 
of pH-type. //x G 93© £ and a G il© 3; then [x,j{a)x] = {x, ix)a. 
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Proof: For any a' G it© 3) using (2.3) and the third identity from Propo- 
sition 2.9, we have 

{[x,j{a)x\,La') = {j{a)x,Lj{a')x) 
= {x, Lx){a, La'). 

Thus {a, La') = imphes there is no component in the a' direction. q 

In the Ricmannian case, each such subgroup A'^' with Lie algebra n' is totally 
geodesic [11, p. 624f ]. But in general, this is not true. 

Example 4.5 In our quaternionic Heisenberg group from Example 2.6, 
consider a geodesic 7 with 7(0) = ao + Xq = (u2 + z) + {vi + ei). Then 
one computes easily j{ao)xo = 2v2, so from Example 3.4 we find Vxodo = 
-le{u2 +£262) ^ n' = lu2 + z,vi + ei,V2}. 

As usual, part of the problem is the presence of the null subspaces H and 9J. 
But even if we assume that 3 is nondegenerate, these subgroups still need 

not be totally geodesic. 

Example 4.6 For the group H{p, 1) with p > 2, take a = z and x = Ci + ej 
with i j. Then j{a)x = j{z){ei + e^) = Cp+i + Cp+j and 

VoX = — |£(£p_|_jep_|_j + Ep^jep^j) ^ |a,a;, j(a)x| . 

One may also check that using, for example, Lj{La)x = adl. a will not help: in 
the quaternionic Heisenberg algebra with a = Zi and x = 61+64, [o, x, adl ^1 
is totally geodesic but is not a subalgebra. 

For the geodesic equation, let us consider (as suffices) a geodesic 7 with 
7(0) = 1 e N and 7(0) = Oq + G 3 t). Further decompose Oq = 

Uo + Zq G il© 3 and Xo = + 69 G 53 © C In exponential coordinates, write 
7(t) = exp (a(t) + x{t)) = exp {u{t) + z{t) + v{t) + e{t)) with d(0) = Oq, 
x{0) = Xq, etc. For the tangent vector 7, we obtain 

7 = exp(„+^),(d + x) 

= L^(t)* (d + X + I [d + X, a + x]) 
= L^(t)* (d + x + |[x,x]) , 

using Lemma 1.1, regarded as vector fields along 7. Then the geodesic 
equation is equivalent to 

4 (a + X + |[x,x]) - ad^^ij.^^j (d + X + i[x,x]) = 0. 
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Simplifying slightly, we find 

^(d+i[ir,x]) + X - ^\{z + v+\[x,x\) =0. (4.1) 

6ilffi3 GQJeS Giles 

Using superscripts to denote components as before, we obtain for the 3- 
component 

^(i + i[a;,x]3)=0. 
Using the initial condition, we get 

i + = zo . 

Next we note that i; = whence v{t) = is a constant. We use these to 
simplify the other component equations. 

(4.2) 

^0 (4.3) 
(4.4) 

(4.5) 

In analogy with Eberlein [10, 11] we define two operators. 
Definition 4.7 For fixed G 3 md G 9J as above, define 

/:QJ©e-^€:y^ (adj, {zo + ^;o))^ 
a:9Je€^il:y^ (ad^ (^o + ^^o))'' • 

We shall denote the restriction of ^ to (£ by J, and this will play the same 
role as J in Eberlein [10, 11]. 

Now we rewrite the geodesic equations in terms of J and J, using the 
linearity of ad^ to rearrange some terms. 



-{u + l[x,xf) =dx (4.6) 

z+Wx^xY" = Zo (4.7) 

V = (4.8) 

e-Je= ^vo (4.9) 



^(n + i[x,x]") - (adt (zo + vo))' 



z + l[x,x]-^ 



(adi ( 



Zo + Vo 
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While the 2J-component of a geodesic is simple, its mere presence affects all 
of the other components. 

We also readily see that the system is completely integrable. Thus, as 
noted in the Introduction (proof of Theorem 1.5), all left-invariant pseu- 
doriemannian metrics on these groups are complete. Also, regardless of 
signature, we may obtain the existence of dim 3 first integrals as in [11]. 

Keep J G End((£) and write € = (£1 © £2 with £1 = ker J, an orthogonal 
direct sum. Decompose = Hi + y2 G © respectively. Note that 

J is invertiblc on ^2; we denote this restriction by J also. Now we follow 
Eberlein [11, (3.2-3.4)] for these next three results. 

Proposition 4.8 Let N he simply connected, 7 a geodesic with 7(0) = 1 G 
A'", and 7(0) = Oq + Xq G n. Then 

7 = (ao + e"(eo + J~^y2) + Vo- J'^ya + * 2/i + -^U) 

where ^3x = /q* 0i:(s) ds. □ 

Corollary 4.9 Let denote the geodesic flow in TN, n & N, and Uo+Xq G 
n. Then 

^tLn*{ao + xo) = Lj(^t)* {ao + e*''(eo + ^"^2/2) + Vq - J~^y2 + tyi + J3x) 
where 7 is the unique geodesic with 7(0) = n and 7(0) = Ln*{ao + Xq). □ 

The proofs are direct computations which we omit; see [10, 11]. 

In the next result, we use PTM to denote the projectivized tangent 
bundle of a manifold M. 

Corollary 4.10 Let {z^, . .. , Zr} be any basis of^ and let {z*, . .. , z*} be the 

dual basis of }* . Define /o : TN 3 : L,„.t ^ ttx inhere n ^ N , a; G n, and 
TT : n — > 3 is the projection. For I < a <r, define fa '■ TN — > M 6y 

fa = z*ofo, l<a<r. 

Then for < a < r, t G M, and n e N, we have these: 

1- fa0^t = fa- 
■2- fa ° -t'n* ~ fa- 
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3. If T < N is any discrete subgroup acting on N by left translations, 
then fa induces Fa : r(r\iV) — *■ R with -FaO^t = Fa for the induced 
geodesic flow on T(T\N). In particular, has no dense orbit in any 
of the three parts (timelike, spacelike, or null) of PT(r\N). 

4. The functions fa and Fa for 1 < a < r are linearly independent over 
R. 

Proof: The first two parts are immediate consequences of Corollary 4.9. 

Letting ppf : N T\N denote the natural projection, the second part 
implies that the functions F^ : T{r\N) 3 and F„ : T(r\iV) R for 
a > 1 are well defined and satisfy FaPN* = fa for all a. From the first 
part, the Fa commute with The functions F„ are clearly continuous and 
nonconstant in PT(T\N), but constant along ^^-orbits. Thus there is no 
dense orbit in any part of PT(T\N). Finally, the last part follows from the 
definition of Fa and /„. □ 

Wc continue with a geodesic through the identity element, so 7(0) = 1 
and 7(0) = Oo + Xo = Uq + Zq + Vq + Cq, with J € End(C;) and C; = © G;2 
with (Bi = ker J, and with = yi + y2 & ^1 ® '^2 as before. Decompose 
Co = 61 + 62 G €1 €2, respectively. (These should not be confused 
with the basis elements appearing in other sections.) Observe that J is 
skewadjoint with respect to ( ,). Recall that J is invcrtiblc on and that 
we let J denote the restriction there as well. For convenience, set 

xi = ei+vo- J~^y2 , 
X2 = 62 + J~^y2 ■ 

Theorem 4.11 Using these notations, the geodesic equations may be inte- 
grated as: 

x{t) = txi + {e" - I) J-^X2 + it'yi , (4.10) 
z{t) = tzo + J^[x,x]^, (4.11) 
u{t) =tuo + J[x, xf + J^dx , (4.12) 

where 

^[x,x] = —h [x{s),x{s)]ds 
Jo 

= it [xi + ityi, (6" + I) J-^X2] - t [2/1, e*-^X2] + ^t^[xi,yi] 
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+ [yu {e'' - I) J-'xJ + \ f [e''j-^X2,e''x2] ds 

Jo 

and 



JS^dx= / / dx{a)dads. 
Jo Jo 

Proof: The formulas follow from straightforward integrations of the geo- 
desic equations (4.6)-(4.9). We used the general fact about exponentials of 
matrices that J commutes with e*'^ for all i G M. Using this, it is routine 
to verify that x{t), z{t), and u{t) satisfy the geodesic equations and initial 
conditions. □ 

Corollary 4.12 When N has a nondegenerate center, the formulas simplify 
somewhat. Now equation (4-9) is homogeneous and we obtain 

e{t) = te, + {e'-' - I) J-'e2, (4.13) 

Z{t) = tZi{t)+Z2{t) + Z3it), (4.14) 

where 

zi{t) = Zo + ^[eu{e" + I)J-^e2] , 

Z2{t) = [ei, (/ - e'') J-'e2] + \ [e''j-'e2, J'^e^] , 

^3(i) = I / [e''J-^e2,e''e2] ds . 
Jo 

Note that Zs may contribute to Z\ and Z2 ■ □ 

The flat spaces we found in Theorem 3.15 allow more simplification. 

Corollary 4.13 When [n,n] C il and <B = {0}, then x = v and we obtain 

v{t)=tvo, (4.15) 
z{t)=tzo, (4.16) 

u{t) = tuQ + ^t^dvo. (4.17) 

□ 

Corollary 4.14 If[n, n] C il and S = {0}, then N is geodesic-ally connected. 
Consequently, so is any nilmanifold with such a universal covering space. 
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Proof: A'^ is complete by Theorem 1.5, hence pscudoconvex. The preceding 
geodesic equations show that N is nonreturning. Thus the space of geodesies 
G{N) is Hausdorff by Theorem 5.2 of [4]. Now Theorem 4.2 of [3] yields 
geodesic connectedness of AT. q 

Thus these compact nilmanifolds are much like tori. This is also illustrated 

by the computation of their period spectrum in Theorem 6.25. 

When is diagonalizable, then the nondegenerate case also can be made 
completely explicit. For example, this happens when ( , ) restricted to (£2 is 
definite {e. g., in the Riemannian case). The extreme instance is when is 
a scalar multiple of the identity. In the Riemannian case, this is much the 
same as H-type; however, in general this condition is not related to pH-type. 

Let {61, ... ,6k} be the set of distinct nonzero eigenvalues of J^. De- 
compose €2 as the orthogonal direct sum 0^=i Wj where J leaves each tOj 
invariant and J'^lmj = Gjl- Write Cq = ei + with G and then write 
62 = Z^j=i Wj with each Wj G tt)j. 

Proposition 4.15 // N has a nondegenerate center and diagonalizes, 
then 

e{t) = tei + {e'' - I) J'^e^ , (4.18) 
z{t) = t zi{t) + z^it) , (4.19) 

where 

z,{t) = + i [ei, (e*'' + I) + i Yl ' 

z,{t) = [ei, (/ - e") (J-'e,)] + i [e'-'J-'e„ J-'e,] 

Proof: Compare Eberlein [11, (3.5)]. First note that on each Wj where the 
restriction J is invertible, J = 9jJ~^. 

Next, one verifies straightforwardly that 

[e{t), e{t)] = [ei, (e*^ - I) J-^e^] + 1 [e^e^^e^] + [e" e^, [e!' - I) J-'e^] , 

(4.20) 
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and, using the properties of J, that the derivative with respect to t of each 
[e*-^Wj,e*-^ J~^Wj] is zero. Hence 

for all t and j. From this and the decomposition of 62, we obtain 
-2i3 = [e*''e2,e"j-^e2] = [e*'wi,e''j-^Wj] + ^ • (4.21) 

Using the two facts about J again, another computation produces 

Z2 = - [ei, e'-'j-'e^] + \ [e" e^, J-^e^] . 

Combining this with (4.21) and z{t) = Zi{t) + tzi + Z2 + is, we get 

z{t) = z,-\ [e"e,,e"j-'e,] - \ [e^, (e*-^ - /) J-^e^\ 
+ i[e*-^e2,J-ie2]-|[e*^e2,ei]. 

Finally, it follows from (4.20) and this that z satisfies i + |[e,e] = -Zq, and 
from (4.19) and this that z satisfies the initial conditions. □ 

Next we recover [11, (3.7)] in our case. 

Corollary 4.16 Under the same hypotheses, e{t) =tei where 



f \ ^ \ T— 1 sin t A^" p r\ \ 9 

(costAj — 1) H 7 — -Wj for 6j = —Xj , 



, , , -.x T-l SinhiA,- r ^ ^2 

(coshtAj — IjJ Wj -\ r — -Wj for Uj = Xj , 



A,- 



with Xj > 0. 



Proof: First use the decomposition of 62- Prom the representation of J on 



tVj, we obtain in the first case 



/ 7 , ^ sin tXi ^ 

e" = cos tXj I -\ —^J 

Aj 



there, and the second case is similar. 



□ 



Thus some geodesies in the pscudoricmannian case may exhibit the same 
helical behavior as geodesies do in the Riemannian case. Different signatures 

on the Heisenberg group illustrate both possibilities (for example, -| and 

h, respectively). 



31 



Remark 4.17 If Oq = or Xq = 0, then the geodesic becomes ■~f{t) = 
exp(txo) or exp(tao), respectively. More gcncraUy, it follows from the geo- 
desic equation (4.1) that if 7(t) is the unique geodesic with 7(0) = + Xq, 
then 7(f) = exp {t {uq + Xo)) if and only if ad^^ (oq + Xq) = if and only if 
(oo + a;o) -L [a^o; ri]- We note that this is also equivalent to ad]^^ (zq + Vq) = 
if and only if {zq + v^)) _L [xq, n]. 

Proposition 4.18 Let N be a simply connected, 2- step nilpotent Lie group 
with left-invariant metric tensor {,), and let j be a geodesic with 7(0) = 
a G 3. If ad\ a = 0, then there are no conjugate points along 7. 

Proof: It follows from Theorems 3.11 and 3.18 and Proposition 3.20 that 
all planes containing any j^t) are homaloidal. Thus the Jacobi equation 
trivializes and the result follows. □ 

In the Ricmannian case [11, (3.10)] and in the timelike Lorentzian case (using 
[20, p. 278, 23. Lemma] and an argument mutatis mutandis), the converse 
holds. It is not clear if it can be generalized much more than this. 



5 Isometry group 

We begin with a general result about nilpotent Lie groups. 

Lemma 5.1 Let N be a connected, nilpotent Lie group with a left-invariant 
metric tensor. Any isometry of N that is also an inner automorphism must 
be the identity map. 

Proof: Consider an isometry of N which is also the inner automorphism 
determined hy g e N. Then Adg is a linear isometry of n. The Lie group 
exponential map is surjective, so there exists x E n with g = exp(a;). Then 

Adg = e'^'^^. 

Now ada; is nilpotent so all its eigenvalues are 0. Thus all the eigenvalues of 
Adg are 1, so it is unipotent. It now follows that Adg is the identity. Thus 
g lies in the center of N and the isometry of N is the identity. □ 

Now we give some general information about the isometrics of N. Let- 
ting Aut(A^) denote the automorphism group of and I{N) the isome- 
try group of N, set 0{N) = Aut(Ar) n I{N). In the Riemannian case, 
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I{N) = 0{N) x N, the semidirect product where acts as left transla- 
tions. We have chosen the notation 0{N) to suggest an analogy with the 
pseudoeuclidean case in which this subgroup is precisely the (general, in- 
cluding reflections) pseudorthogonal group. According to Wilson [25], this 
analogy is good for any nilmanifold (not necessarily 2-step). 

To see what is true about the isometry group in general, first consider 
the (left-invariant) splitting of the tangent bundle TN = © XiN. 

Definition 5.2 Denote by I^^N) the subgroup of the isometry group I{N) 
which preserves the splitting TN = ^N®X)N. Further, let I'^'^^{N) = 0{N) K 
A^, where N acts by left translations. 

Proposition 5.3 If N is a simply- connected, 2-step nilpotent Lie group 
with left-invariant metric tensor, then pP'-{N) < /™*(iV). 

Proof: Similarly to the observation by Eberlein [11], it is now easy to check 
that the relevant part of Kaplan's proof for Riemannian A'^ of H-type [13] 
is readily adapted and extended to our setting, with the proviso that it is 
easier to just replace his expressions j{a)x with adj^ a instead of trying to 
convert to our j. q 

We shall give an example to show that P^'' < I""* is possible when il ^ {0}. 

When the center is degenerate, the relevant group analogous to a pseu- 
dorthogonal group may be larger. 

Proposition 5.4 Let 0{N) denote the subgroup of I{N) which fixes 1 £ N. 
Then I{N) = d{N) k N, where N acts by left translations. □ 

The proof is obvious from the definition of O. It is also obvious that O < O. 
We shall give an example to show that O < O, hence < I, is possible 
when the center is degenerate. 

Thus we have three groups of isometrics, not necessarily equal in general: 
jspi < jaut ^ J WAiign tlie center is nondegenerate (il = {0}), the Ricci 
transformation is block-diagonalizable and the rest of Kaplan's proof using 
it now also works. 

Corollary 5.5 If the center is nondegenerate, then I{N) = I^''{N) whence 
d{N)^0{N). □ 

We now begin to prepare for the promised examples. Recall the result 
in [24, 3.57(b)] that for any simply connected Lie group G with Lie algebra 
9, 

Aut(G) = Aut(g) : a i — > a,|g . 
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Now, if a is also an isometry, then so is a*. Conversely, any isometric 
automorphism of g comes from an isometric automorphism of G by means 
of left-invariance (or homogeneity) . Therefore 

0{N) = Aut(iV) n I{N) ^ Aut(n) n 

for one of our simply connected groups N with signature (p, q) . So up to 
isomorphism, we may regard 

0{N)<01. 

Example 5.6 Any fiat, simply connected AT is a spaceform. (By Corollary 
3.14 no other constant curvature is possible.) Thus the isometry group is 
known (up to isomorphism) and 0{N) = for any such N of signature 

{p, q)- 

For the rest of the examples, we need some additional preparations. Let 
f)3 denote the 3-dimensional Heisenberg algebra and consider the unique 
[9], 4-dimensional, 2-step nilpotent Lie algebra n4 = f)3 x R, with basis 
{v,e,z,u}, structure equation [v,e] = z, and center 3 = [-Zj-ul. 

A general automorphism of 1X4 as a vector space, /: 1X4 — ^ 1X4, will be given 
with respect to the basis {v,e,z,u} by a matrix 

Oi 61 Ci di 
a2 b2 C2 d2 
as h C3 ds 
04 64 C4 

In order for / to be a Lie algebra automorphism of 1x4, it must preserve the 
center, and [f{v), /(e)] = f{z) while the other products of images by / are 
zero; all this together implies that the matrix of / must have the form 

■ ai 61 " 

^2 ^2 

as 63 C3 ds 
04 64 di 

with C3 = oi 62 — 0,2 bi ^ 0, di ^ and arbitrary 03, 04, 63, 64, ^3. 
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Now the matrix of / can be decomposed as a product of matrices Mi 
M2 ■ M3 • M4, where 



Ml 



with 



A 



0,3 — a4 ^3 



oi 61 0" 




"100 " 


02 62 

A B C3 


M2 = 


10 

10 


1 




0004 


1 " 




■ 1 0" 


10 


, M4 = 


10 


1 da/cg 


10 


1 




C L> 1 



B 



63 (^4 — 64 d. 



'4 "3 



c 



04 
c/4 



D 



h 
di 



di di 

which are well defined because 03,^4 7^ 0. In this decomposition of / we 
have: 

Ml G Aut(f)3), and they fill out Aut(f)3); 
M2 G Aut(R); 

M3 G M mixes part of the center but fixes e, and z; 

M4 fixes z and u but the image of [v, e] is contained in [v, e, u]. 

The matrices M4 form a group isomorphic to an abelian M^. Note that for 
such an M4, v ^ v + Cu and e 1— > e + Du. 

Proposition 5.7 The decomposition o/Aut(n4) is 

Aut(n4) = Aut({)3) • Aut(M) • M • ^ 

Now we compute 0(N) for several simply-connected groups of interest. 
Specifically, we shall compute 0{N) = 0(n) for the fiat and nondegenerate 
3-dimensional Heisenberg groups and the 4-dimensional groups Ar4 = 

xM. with all possible signatures. 

Example 5.8 We begin with the form for automorphisms of i)^ on the basis 
{v,e,u}, 

Oi bi 
/ = 02 62 

dS ^'3 C3 
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with C3 
we use 



Qi 62 — 02 61 / and arbitrary 03, 63. For the flat metric tensor 



1 

e 
10 



and we need to solve 



Using Mathematica to help, it is easy to see that we must have 61 = 0, 
whence Ci / and thus the Solve command in fact does give all the solu- 
tions. We also obtain ai = ±1, so 



±10 

0,2 1 

Teal/2 T£a2 ±1 



(5.1) 



with arbitrary We note that the determinant is 1, so that this 1- 
parameter group lies in SOl or SOf according as £ = ±1, respectively. With 
some additional work, this is seen to be a group of horocyclic translations 
(HT in [7]) subjected to a change of basis (rotation and reordering). (Com- 
paring parameters, we have here 02 = —t\pi there.) Note dimO(i?3) = 1 
while from Example 5.6 we have dimO(i?3) = 3. We can identify the rest 
of O from an Iwasawa decomposition: O is the nilpotent part, so the rest of 
O consists of rotations and boosts. 



Many groups with degenerate center have such a subgroup isometrically 
embedded. 

Proposition 5.9 Assume il / {0} 7^ € and let u ^ il, v QJ, such that 
{u, v) = 1 and 7^ j{u)v = e G C Then j{uY = —I on \v, e] if and only if 
[} = [m, V, e| is isometric to the 3-dimensional Heisenberg algebra with null 
center. Consequently, H = exp ^ is an isometrically embedded, flat subgroup 
ofN. 

Proof: It is easy to see that j{u)e = —v; cf. Remarks 3.17. Then, on the 

one hand, {[v,j{u)v],v) = {[v,e],v). On the other hand, {[v, j{u)v],v) = 
-{[j{u)v, v],v) = -(ad](„)^ = -{Lj{u)^v,v) = {lv,v) = {u,v) = 1. It 

follows that [v,e] = u. The converse follows from Example 2.5. q 

Corollary 5.10 For any N containing such a subgroup, 

I^\N) < r"\N) < I{N). ^ 
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Unfortunately, this class does not include our flat groups of Theorem 3.15 
in which [n, n] C il and € = {0}. However, it does include many groups that 
do not satisfy [n, n] C il, such as the simplest quaternionic Heisenberg group 
of Example 2.6 et seq. 

Remark 5.11 A direct computation shows that on this fiat with null 
center, the only Killing fields with geodesic integral curves are the nonzero 
scalar multiples of u. 

Similarly, wc can do the 3-dimensional Heisenberg group with nondcgen- 
erate center (including certain definite cases). With respect to the orthonor- 
mal basis {ei, 62, z} with structure equation [ei, 62] = z, we obtain 



of dimension two. 

In general, we always can arrange to have ei and 62 orthonormal, but 
we may not be able to keep the structure equation and have z a unit vector 
simultaneously. In the indefinite case, we always can have the z-axis orthog- 
onal to the eie2-planc. But in the definite case, the eie2-planc need not be 
orthogonal to the ^;-axis. It is not yet clear how best to compute ©(i^s) in 
these cases. 

Example 5.12 Now we consider the flat N4 = H3 x W with null center. 
Here we have the basis {vi,V2, Mi, 1(2} of 1X4 with structure equation [vi, ^2] = 
Ui, the form for automorphisms 



with C3 = Oi 62 — 02^1 / 0, 7^ 0, and arbitrary 03,04,63,64,(13, and the 
fiat metric tensor 




-1 



/ = 



ai 61 
02 62 
as 63 C3 ds 
04 64 di 



V = 



10 
1 
10 
10 
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Again we find bi 
We obtain 



and Oi / and Solve gives all solutions of f^rjf = rj. 



a I 

0,2 

a\a2h 





l/al 

h 








1/ai 









aia2 

2 

1 



a 



(5.2) 



with ai 7^ and arbitrary 02, 63. Again we note the determinant is 1 so this 
3-parameter group lies in S02- Note dimO(Ar4) = 3 while from Example 
5.6 we have dimO(A'4) = 6. 

We consider three 1-parametcr subgroups. 

£12 = ^3 = I 
ai = 1, 63 = II 
Oi = 1, 02 = III 

We make a 2 + 2 decomposition of our space into -UiJ © lv2, U2l- If we 
think of ai = ±e*, then subgroup I is a boost by t, respectively 2t, on the 
two subspaces. Subgroups II and III are both horocyclic translations on the 
two subspaces, and they commute with each other. 

Again, we can see what the part of O outside O looks like from an 
Iwasawa decomposition O = KAN = O^. Clearly, I is a subgroup of A while 
II and III are subgroups of N. Now has rank 2 so dim A = 2. Since 
dimi^ = 2, then dimA^ = 2 also. Thus all the rotations and half of the 
boosts are the part of O outside O. 



Many of our flat groups from Theorem 3.15 have such a subgroup iso- 
metrically embedded, as in fact do many others which are not fiat. 

Proposition 5.13 Assume [QJ, QJ] C it and dimit = dim 53 > 2. Let 

Ui,U2 £ il and Vi,V2 £ ^ be such that {ui,Vi) = 1. //, on lvi,V2l, jiuiY = 
—I and j{u) = for u ^ \ui\, then I^Ui , ti2 , i^i , U2I = 1)3 x M. 

Proof: We may assume without loss of generality that j{ui)vi = V2. Then 
a straightforward calculation shows that [i^i,t'2] = Ui and the result follows. 

□ 

Corollary 5.14 For any N containing such a subgroup, 

rp\N) <r''\N) <i{N). 
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Example 5.15 Next we consider some A^4 with only partially degenerate 
center. Here we have the basis {v, e, z, u} of 1X4 with structure equation 
[v,e] = z and signature (+££—). We take / again as above, and the metric 
tensor 

1 
e 
^ ~ e ■ 
10 

Applying Solve to f^rjf = rj directly is quite wasteful this time, producing 
many solutions with £ = which must be discarded, and producing dupli- 
cates of the 4 correct solutions. After removing the rubbish, however, it is 
easy to check that there are no more again. Thus we obtain 



/ = 



/ = 



±1 











a2 


±1 














1 





Teal/2 


=fea2 





±1 




or 






±1 











a2 


Tl 














-1 





Teal/2 


Tea2 





±1 



(5.3) 



with arbitrary 02- Now wc have the determinant ±1 for these 1-parameter 
subgroups, and both are contained in O]'^ , O^^ , or O^^ , according to the 
choices for e and e, respectively £ = £ = 1, £/£, or£ = £ = —1. Again, 
these are all horocyclic translations as found in [7], modulo change of basis. 

This yields dim.O{N4) = 1, while in the next example we shall see that 
dimO(iV4) =2. 

Since N is complete, so are all Killing fields. It follows [20, p. 255] that 
the set of all Killing fields on N is the Lie algebra of the (full) isometry group 
I{N). Also, the 1-parameter groups of isometries constituting the flow of 
any Killing field are global. Thus integration of a Killing field produces 
(global, not just local) isometries of N. 

Example 5.16 Consider again the unique [9], nonabelian, 2-step nilpotent 
Lie algebra 1X4 of dimension 4. We take a metric tensor so that the center 
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is only partially degenerate, as in the preceding Example. Thus we choose 
the basis {v,e,z,u} with structure equation [v,e] = z and nontrivial inner 
products 

{v,u) = l, {e,e)=£, {z,z)=e. 
This basis is partly null and partly orthonormal. The associated simply 



connected group N4 is isomorphic to x 
matrices 

1 X z 0' 

1 y 

10 
1 

1 

so this group is diffeomorphic to M^. Take 



and we realize it as the real 



(5.4) 



d d d 

ox oy oz 



z = 



dz 



u = 



dw 



(5.5) 



which realizes the structure equation in the given representation. (The dou- 
ble use of z should not cause any confusion in context.) The nontrivial 
adjoint maps are 



adl z 



eee 



and 



id! , 



-eu 



so the nontrivial covariant derivatives are 



V„e = 



Remark 5.17 The space N4 is not flat; in fact, a direct computation shows 
that 



{R{z,v)v,z) 



and 



{R{v,e)e,v) = -fe. 



We consider Killing fields X and write X = pu + pz + pv + f^e. We 
denote partial derivatives by subscripts. Prom Killing's equation we obtain 
the system. 



J X 



f z fw 

f + f 








(5.6) 
(5.7) 
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efl + f! = (5.8) 

ft + xft = ^ (5.9) 

efl + fl + f = (5.10) 

eft + fy+xfl = (5.11) 

eft + fy+xf! = (5.12) 

eef^ + fy=f (5.13) 



Simple considerations of second derivatives yield these relations. 

f 1 = f 1 = f 1 = f 1 =0 

J X WW J wy J wz 

P = f = f 2 =0 

J Z J WW J wx 

f = f = f = f =0 

J W J XX J xz J zz 

f = f =0 

J US J xz 

From the first we get = and then from (5.7) = —A, so in particular 
= 0. Then (5.12) and = /^^ = /J^ = imply Jl = and therefore 
fy=0 also. Hence, 

/3 = -Ax + Ci . 

Also, (5.8) and /| = imply = 0, and (5.13) and f^^ = imply 
= /3 = It then follows that 

/I = Aw + F\y,z), 

f = F'{x,y), withF4 = -^, 

/3 = _Ax + Ci , 

f = f\x,y,z), with/,4, = 0. 

Now, using (5.11) and = 0, after a few steps we obtain = C2 whence 

F\y,z) = C,z + G\y). 

Then (5.10) gives us = — e/^^ = so 

f = -eC,-F^{x,y). 

From (5.9) and = we get = = = ^ whence 

A = 0. 
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From (5.13) and = we get = = Ci whence F^{x, y) = Ciy+G^{x); 
hence 

f = C2Z + G'iy), 
f = C,y + G^{x), 
f = C,, 

Finally, (5.11) implies —eGl^ + Gy + C2X = so —£Gl^^ = —C2 and 
hence 

Gl = eC2X + C,, 
Gl = -^x^ + G^x + C4 , 

= ^-^x' + ^x' + Cx + C 

Then Gj, = iGl^ - C2X = sC^ whence 

G\y)=eG^y + G,. 

and we are done. 



f = eC:,y + G2Z + Ce 

f = C, 

fG 

f = -^x'-Gsx-{eG2 + G,) 

Therefore, dim/(A^4) = 6. 

The Killing vector fields with X{0) =0 arise for Ci = C5 = Ce = and 
G4 = —SG2, so their coefficients are 



f = eG3y + G2Z. 
f = 0, 

f = ~ ■ 



2 £G2 3 , C3 2 ^ 
f = -^x^ + —X - eG2X , 



Therefore dimO(iV4) = 2. 
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Proposition 5.18 The Killing vector fields X with X{0) = are 

+ (eC^y + C2Z) — . 
Their integral curves are the solutions of 
x{t) = , 

z{t) = —x'' - —X - eC2X , 

w{t) = eCsU + C2Z , 

and the solutions with initial condition {xo,yo, Zo,Wo) are 

x{t) = Xo , 

y{t) = - (-Y^^o + CsXo^ t + yo, 

z{t) = - ( —Xq + —Xq + eC^Xq I i + 2:0 , 

w{t) = - i-^xl + C2C3XI + {eC^ + eCl)xo] - + {eC^yo + Ca^o)* + wo . 
Thus the 1-parameter group $t of isometries is given by 

= X, 

2 / ^^"2 2 



$t = - i^-^x' + Csxjt + y, 

= -[^x' + ^x^ + eC2xy + z, 

= - f + C^CsX^ + (£(^2' + eCl)x\ - + (eCgy + C2z)t + w; , 



and its Jacobian is 



1 

-(eCa-x + Ca)* 1 

-{eC^x^ + C^x + eC^Y 1 

■\{eClx'^ + 2C.2C3X + {eCl + eCl))t'' eC^t 1 
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Hence 



(C3 + eC2x)t e - eC2t z - {eC^x^ + 2C2C3X + eC; + eC^)—u , 



^t*e = e + (eCs + C2x)tu, 
^t*z = z + C2tu, 

Evaluating at the identity element of N^, (0, 0, 0, 0) G M^, 



V — Cst e — 
e + eCat , 

Z + C2tu, 



file's "I" s^C"! ,9 
£C2tz ^ — -ru, 



Note that C2 = corresponds to (5.3). On the basis {v,e, z,u}, the matrix 



is 








1 











-Cat 


1 














1 







eCat 





1 



Proposition 5.19 G 7^'(iV4) i/ and onZy «/ C2 = C3 = 0. e 

/""*(iV4) ?/ and only if C2 = 0. Thus I^^N^) < r^'^Ni) < /(iVi). □ 

Finally, we give the matrix for a (at the identity) on the basis 
{v,e,z,u}, as in (5.3) but now with C3 = instead. We find 

1 000" 

10 

-eC2t 1 

-^eClt^ C2t 1 

And yet again, these are horocyclic translations as found in [7], modulo 
change of basis. 



6 Lattices and Periodic Geodesies 

In this section, we assume that N is rational and let F be a lattice in N. 
Since N is 2-step nilpotent, it has nice generating sets of F; cf. [10, (5.3)]. 
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Proposition 6.1 If N is a simply connected, 2-step nilpotent Lie group of 
dimension n with lattice V and with center Z of dimension m, then there ex- 
ists a canonical generating set {ip-y, . . . , <^„} such that {^p■^^, . . . , (p^} generate 
V r\ Z. In particular, T ^ Z is a lattice in Z . 

Prom this, formula (1.1), and [22, Prop. 2.17], one obtains as in [11, (5.3)] 

Corollary 6.2 Let N he a simply connected, 2-step nilpotent Lie group with 
lattice r and Zei tt : n — ^ D denote the projection. Then 

1. logF n 3 is a vector lattice in 3; 

2. 7r(logr) is a vector lattice in 0; 

3. rnz = z{T). □ 

Here, we used the sphtting n = il©3©9J©(£ from Section 2 with 3 = ll©3 
and d = 5J ® (£. 

Thus to the compact nilmanifold r\Ar we may associate two flat (possibly 
degenerate) tori; cf. [11, p. 644]. 

Definition 6.3 With notation as preceding, 

T, = 3/(iogrn3), 

T, = D/7r(logr). 

Observe that dimT^ + dimT„ = dim 3 + dimo = dimn. 

Next, we apply Theorem 3 from [21] to our situation. Let T™ denote 
the m-torus as usual. 

Theorem 6.4 Let m = dim3 and n = dimd. Then r\N is a principal 
T"" -bundle overT"-. 

The model fiber T™ can be given a geometric structure from its closed em- 
bedding in r\A^; we denote this geometric m-torus by Tp. Similarly, we wish 
to provide the base n-torus with a geometric structure so that the projection 
Pb '■ T\N Tb is the appropriate generalization of a pseudoriemannian 
submersion [20] to (possibly) degenerate spaces. Observe that the splitting 
n = 3©t) induces splittings TN = iN®tiN and T{Y\N) = 3(r\iV)©o(r\iV), 
and that ps* just mods out 3(r\iV). Examining the definition on page 212 
of [20] , we see that the key is to construct the geometry of Tg by defining 

Pb* : tin(T\N) Tpg(^){TB) for each 77 G T\N is an isometry (6.1) 
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and 

Kb.xPb^V = Pb* (vrV^y) for all x, y G = QJ (6.2) 

where tt : n — > D is the projection. Then the rest of the results of pages 212- 
213 in [20] will continue to hold, provided that sectional curvature is replaced 
by the numerator of the sectional curvature formula in his 47. Theorem at 
least when elements of 9J are involved: 

{RTB{PB*x,pB*y)PB*y,PB*x) = {Rr\N{x,y)y,x) + |([x,?/], [x,y]). (6.3) 

Now Pb will be a pseudoriemannian submersion in the usual sense if and 
only if 11 = 9J = {0}, as is always the case for Riemannian spaces. 

In the Riemannian case, Eberlein showed that Tp = and Tb = T„. 
Observe that it follows from Theorem 3.19, Proposition 3.20, and (6.3) that 
Tb is flat in general only if N has a nondegenerate center or is flat. 

Proposition 6.5 Ifv,v' G 5J and e,e' G (£, then 
{RTs{v,e)e,v) = \{j{Lv)e,j{iv)e), 

{Rtb{v,v')v',v) = \{j{iv)v' ,j{iv')v) - {j{Lv)v,j{Lv')v') 

+ \{{3{iv')v,j{iv')v) + {j{Lv)v',j{tv)v')), 
KTAe,e') = 0. 

Here we have suppressed Pb» on the left-hand sides for simplicity. □ 

Our quaternionic Heisenberg group (Examples 2.6 and 3.22) provides a sim- 
ple example of a Tb that is not flat. Indeed, all sectional curvature numera- 
tors vanish except {Rtb (^i) ^^2)^^21 ^^i) = where we have again suppressed 
Pb* for simplicity. 

Remark 6.6 Observe that the torus Tb may be decomposed into a topo- 
logical product Te X Ty in the obvious way. It is easy to check that Te is 
flat and isometric to (logF n C)\C, and that Ty has a linear connection not 
coming from a metric and not flat in general. Moreover, the geometry of the 
product is "twisted" in a certain way. It would be interesting to determine 
which tori could appear as such a Ty and how. 

We wish to show that the geometry of the fibers Tp is that of T^. Thus 
we now consider the submersion r\A^ Tb and realize the model fiber 
as (r n Z)\Z considered as tori only, without geometry. 
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Definition 6.7 Let Pn : N ^ T\N and pz : Z ^ T"' = (T D Z)\Z be 
the natural projections. Define F : T™ — >■ /(r\A^) by F {pz{z)) {pM{n)) = 
PN{zn) for all z E Z and n E N. 

Proposition 6.8 F is a smooth isomorphism of groups T™ = /Q^'(r\iV), 
where the subscript denotes the identity component. 

Proof: We follow Eberlein [11, (5.4)]. It is easy to check that F is a well- 
defined, smooth, injective homomorphism with image in lf{V\N). Thus 

we need only show that F is surjcctive. 

Let ip € I^^{T\N) and let (j)^ be a path from 1 = to = (pi. The 
covering map p^ has the homotopy lifting property, so choose a lifting as 
a path in Iq\N). Then for all 5 € T, it follows that Pn {4>t Lg(f)^ ) = Pn for 

all t. Hence for each t G [0, 1], there exists G F such that 4>tL'g4>t^ = ^gt- 
Since go = g and F is a discrete group, it follows that gt = g for every t, so 
Lg commutes with for every g £T and t G [0, 1]. 

From Proposition 5.3, there exist Ut & N and G 0{N) such that (pt = 
Ln^ttf for all t. Now, every Lg commutes with every (p^, so at{g) = n^^gn^ for 
all t and g. Extension from lattices is unique [22, Thm. 2.11], so at = Ad„-i. 

By Lemma 5.1, at is the identity and Ut G Z for all t. Thus (pi = L„j, so 
from the definition of (pt we obtain PmLu-^ = pN(pi = 0iPjv = i^PN- But this 
means F {pz{ni)) = ip. q 

Corollary 6.9 I^^{r\N) acts freely on V\N with complete, flat, totally 

geodesic orbits. 

Proof: By Theorem 6.4, we may identify /o^'(F\iV) as the group of the 
principal bundle T\N ^ Tb, so it acts freely on the total space. 

Since pjv is a local isometry and the Z-orbits in N are complete, fiat, 
and totally geodesic from Example 4.3, it follows (using the identification 
T" = (F n Z)\Z supra) that the /^'(F\Ar)-orbits are complete, flat, and 
totally geodesic. □ 

Theorem 6.10 Let N be a simply connected, 2-step nilpotent Lie group 
with lattice T, a left-invariant metric tensor, and tori as in the discussion 
following Theorem 6.4. The fibers Tp of the (generalized) pseudoriemannian 
submersion V\N — » Tb are isometric to T^ . 

Proof: We follow the proof of Eberlein [11, (5.5), item 2]. For each n £ N, 
define tpn = pNLnG^ '■ 3 — F\iV, and note that it is a local isometry. 
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Clearly, ipniz) = 'ipn{^') if and only ii z' = z + log 5 for some g & T n Z. 
Hence ipn induces an isometric embedding ipn : r\N. That the image 

is the /g^' (r\iV)-orbit of PAr(n) follows from the proof of Corollary 6.9. □ 

Corollary 6.11 If in addition the center Z of N is nondegenerate, then Tb 
is isometric to T„. q 

The proof is essentially the same as the appropriate parts of the proof of 
(5.5) in [11] and we omit it. 

We recall that elements of N can be identified with elements of the 
isometry group I{N): namely, n & N is identified with the isometry (p = Ln 
of left translation by n. We shall abbreviate this by writing (j) e N. 

Definition 6.12 We say that 4> & N translates the geodesic 'y by lo if and 
only if 4n{t) = 7(t + u) for all t. If ^ is a unit-speed geodesic, we say that 
u is a period of ^. 

1 

Recall that unit speed means that I7I = |(7,7)|^ = 1. Since there is no 
natural normalization for null geodesies, we do not define periods for them. 
In the Riemannian case and in the timelike Lorentzian case in strongly causal 
spacetimes [2] , unit-speed geodesies are parameterized by arclength and this 
period is a translation distance. If belongs to a lattice F, it is the length 
of a closed geodesic in T\N. 

Remark 6.13 Note that it follows from Corollary 1.2 that if = exp(a* + 
X*) translates a geodesic 7 with 7(0) = 1 G iV, then a* + x* and 7(0) are of 
the same causal character. 

In general, recall that if 7 is a geodesic in N and if Pn '■ N T\N 
denotes the natural projection, then pi^'y is a periodic geodesic in r\A'' if 
and only if some ^ G F translates 7. We say periodic rather than closed here 
because in pseudoriemannian spaces it is possible for a null geodesic to be 
closed but not periodic. If the space is geodcsically complete or Riemannian, 
however, then this does not occur (c/. [20], p. 193); the former is in fact the 
case for our 2-step nilpotent Lie groups by Theorem 1.5. Further recall that 
free homotopy classes of closed curves in F\Ar correspond bijectively with 
conjugacy classes in F. 

Definition 6.14 Let Q denote either a nontrivial, free homotopy class of 
closed curves in T\N or the corresponding conjugacy class in F. We define 
p(C) to be the set of all periods of periodic unit-speed geodesies that belong 

to e. 
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In the Riemannian case, this is the set of lengths of closed geodesies in C, 
frequently denoted by ^(C). 

Definition 6.15 The period spectrum of T\N is the set 

spec^(r\iv) = Up(e), 

e 

where the union is taken over all nontrivial, free homotopy classes of closed 
curves in r\N. 

In the Riemannian case, this is the length spectrum spec£(r\A^). 

Example 6.16 Similar to the Riemannian case, we can compute the pe- 
riod spectrum of a flat torus r\M™, where F is a lattice (of maximal rank, 
isomorphic to Z"*). Using calculations related to those of [5, pp. 146-8] in 
an analogous way as for finding the length spectrum of a Riemannian fiat 
torus, we easily obtain 

spec^(r\M™) = {M^o|5er}. 

It is also easy to see that the nonzero d'Alembertian spectrum is related to 
the analogous set produced from the dual lattice F* as multiples by ib47r^, 
almost as in the Riemannian case. 

As in this example, simple determinacy of periods of unit-speed geodesies 
helps make calculation of the period spectrum possible purely in terms of 
logF C n. (See Theorem 6.25 for another example.) Thus we begin with 
the following observation. 

Proposition 6.17 Letcp = exp(a*-|-f *-|-e*) translate the unit- speed geodesic 
by Lo > 0. If v* ^ 0, then the period u is simply determined. 

Proof: We may assume 7(0) = 1 G and 7(0) = + Vq + e^. From 
Theorem 4.11, v* = v{u;) = lovq. □ 

In attempting to calculate the period spectrum then, we can focus our at- 
tention on those cases where the 5J-component is zero. 

Prom now on, we assume that AT is a simply connected, 2-step nilpotent 

Lie group with left-invariant pseudoricmannian metric tensor ( , ) . Note 
that non-null geodesies may be taken to be of unit speed. Most nonidentity 
elements of A^ translate some geodesic, but not necessarily one of unit speed; 
cf. [11, (4.2)]. 
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Proposition 6.18 Let N be a simply connected, 2-step nilpotent Lie group 
with left-invariant metric tensor { , ) and (f) E N not the identity. Write 
log = a* +x* G3©t) and assume that x* _L [x* , n] . Let a' be the component 
of a* orthogonal to [x*,n\ in 3 and choose ^ G n such that a' = a* + [x*,^]. 
Set Lo* = \a' + x*\ if a' + x* is not null and set = 1 otherwise. Then cp 
translates the geodesic 



by ui* , and 7 is of unit speed if a' + x* is not null. 

Proof: Let n = exp(^) and set 0* = n^^(f)n = exp(a' + x*) and 7*(t) = 
n~^j{t). Then (pj^t) = 7(t -\- lo*) is equivalent to (p*'y*{t) = 7*(i + a;*), and 
the latter is routine to verify using (1.1). 

Now 7 is a geodesic if and only if 7* is, and it is easy to check directly 
that Va'+x*(a' + a;*) = is equivalent to {a' + x*, [x*,n]) = 0. □ 

Note that the il components of a* and a' in fact coincide. Also note that if 
we further decompose x* = v* + e*, the result applies to every nonidentity 
element (p with v* = 0. In particular, when the center is nondegenerate this 

is every nonidentity clement. 

Corollary 6.19 When n is nonsingular and (p ^ Z , we may take a' = in 
Proposition 6.18. 

Proof: Because then a* e [a;*,n] and x* 7^ 0. □ 

Now we give some general criteria for an element ^ to translate a geodesic 
7; cf. [11, (4.3)]. We use a J as in the passage following Definition 4.7, and 
Xi, X2, yi, and 2/2 as given just before Theorem 4.11. 

Proposition 6.20 Let (p & N and write (p = exp(a* + x*) for suitable 
elements a* G 3 and x* G D. Let j be a geodesic with 7(0) = n £ N and 
7(0;) = <pn, and let 7(0) = L„*(ao + Xq) for suitable elements Oq G 3 and 
Xo = Vo + eo & t). Let n~^j{t) = exp {a{t) + x{t)) where a{t) G 3 and x{t) G t) 
for all t eM. and a(0) = x(0) = 0. Then the following are equivalent: 





for all t & M and some u) > 0; 
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3. e'^-^ fixes ci + yi + X2 = cq + yi + J ^2/2- 

Proof: As before, we may assume without loss of generality that n = 1 G 
N. Items 1 and 2 are equivalent by formula (l-l). The following lemma 
shows that item 1 implies item 3. 

Lemma 6.21 As in the preamble to Theorem ^.ii, write (B as an orthogonal 
direct sum <Bi © (B2, where <Bi = ker J, and use Xi, X2, yi, and y2 as given 
there. Then x* = uxi + ^w^yi and e""^ fixes X2- 

Proof: By Theorem 4.11, we have x{koj) = kojXi + {e^'^-' — I) J~^X2 + 
ifc^w^yi for every positive integer A;. By induction, from item 1 in the state- 
ment of the proposition we obtain x{kuj) = kx* for every k. Decomposing 
X* = + e* + 63 G QJ© £1 (£2, this yields v* = lovq, e* = coei + ^co'^yi, and 

k{e*2 + uJ-^y2) = {e'"^^ - I) J-^X2 (6.4) 

for every k. 

Now, e'^'^ is an element of the identity component of the pseudorthogonal 
group of isometries of ( , ) , and as such can be decomposed into a product 
of reflections, ordinary rotations, and boosts. With respect to appropriate 
coordinates, which may be different from our standard choice, a boost will 
have a matrix of the form 

coshs sinhs 
sinhs coshs 

on some pair of basis vectors, for some s G M. 

If e'^'^ is composed only of reflections and ordinary rotations, then the 
right-hand side of (6.4) is uniformly bounded in k (say, with respect to the 
positive definite ( , l)) while the left-hand side is unbounded, so Cj+ciJ J^^y2 = 
0. On the other hand, if e'^'^ is a pure boost, then the right-hand side grows 
exponentially in k while the left-hand side grows but linearly, and again we 
obtain + ujJ~^y2 = 0. The Lemma now follows from this and (6.4) for 

k = i. n 

The proof that item 3 implies item 2 is the same as the relevant part of the 
proof of (4.3) in [11]. □ 

Corollary 6.22 When in addition v* = Vq = 0, the following are also equiv- 
alent to the three items in Proposition 6.20. 
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1. 7(0) is orthogonal to the orbit Z^-n, where Z^* = exp([e*,n]) C Z; 

2. 7(0;) is orthogonal to the orbit Zg^cpn. 

Proof: Note that under this hypothesis, x* = e*. Now Lemma 6.21 implies 
that J(e*) = 0, and this is now equivalent to Zq -L [e*,n]. Thus the relevant 
parts of the proof of (4.3) in [11] apply mutatis mutandis. □ 

We also obtain the following results as in Eberlein [11, (4.4), (4.9)]. Note 
that wc assume that v* = Vq = in the first, but that this is automatic in 
the second. 

Corollary 6.23 Let (j) G N and write cj) = exp(a* +e*) for unique elements 
a* G 3 and e* G (£. Let n G N be given and write n = exp(^) for a unique 
^ € n. Then the following are equivalent: 

1. There exists a geodesic ^ in N with 7(0) = n such that 4'j{t) = 7(4+0;) 
for all t GM and some uj > 0. 

2. There exists a geodesic 7* in N with 7*(0) = 1, 7*(0) is orthogonal to 
[e*,n], and 7*(a;) = exp ([e*,^]) ^ for some uj > Q. □ 

Corollary 6.24 Let 1 ^ <p £ Z and 7 be any geodesic such that 7(11;) = 
07(0) for some lo > 0. Then 4"y{t) = 7(i + lo) for all t G M. q 

In the flat 2-step nilmanifolds of Theorem 3.15, we can calculate the 
period spectrum completely. 

Theorem 6.25 //[n, n] C il and (£ = {0}, then spec^{M) can be completely 
calculated from logF for any M = r\N. 

Proof: Let (f) translate a unit-speed geodesic 7 by a; > 0. As usual, we may 
as well assume that 7(0) = 1 £ N. Write log(/> = a* +v* and 7(0) = Qo + Vq- 
From Corollary 4.13 wc get v* = v{uj) = ljvq, z* = z{lj) = to Zq, and u* = 
u{uj) = uiuq + )^LiP' 3vo- Note that 3vo = ad^^^^ (zq + Vq) = uP' adj^^^ Vq = 
adl, V*. Substituting and rearranging, we obtain 

ew^ = 2{u*,v*) + {z*,z*), 

where ±1 = e = (7(0), 7(0)) = 2{uo,Vo) + {zq^Zq). □ 
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Thus we see again, as mentioned after Corollary 4.13, just how much these 
fiat, 2-step nilmanifolds are like tori. All periods can be calculated purely 
from log r C n, although some will not show up from the tori in the fibration. 

Corollary 6.26 speCp(rB) (respectively, Tp) is Ue p(C) where the union is 
taken over all those free homotopy classes C of closed curves in M = T\N 
that do not (respectively, do) contain an element in the center of T = 
7ri(M), except for those periods arising only from unit-speed geodesies in M 
that project to null geodesies in both Tb and Tp . □ 

We note that one might consider using this to assign periods to some null 
geodesies in the tori Tb and Tp. 

When the center is nondegenerate, we obtain results similar to Eberlein's 
[11, (4.5)]. 

Proposition 6.27 Assume il = {0}. Let <j) ^ N and write \-Og<j) = z* + e* . 
Assume <j) translates the unit-speed geodesic 'y by to > 0. Let z' denote the 
component of z* orthogonal to [e*,n]. Let n = 7(0) and set lo* = \z' -\- e*\. 
Let 7(0) = Ln*{zo + eo) and use J, ei, and 62 as in Corollary 4-12 (see also 
just before Theorem Then 

1. |e*| < (jo. In addition, lo < u* for timelike (spacelike) geodesies with 
(jjzo — z' timelike (spacelike), and oj > uj* for timelike (spacelike) 
geodesies with lozq — z' spacelike (timelike). 

2. u = |e*| if and only if ^{t) = exp (t e7|e*|) for all t G M. 

3. UJ = u* if and only if uzq — z' is null. If moreover u*Zq = z' , then 
32 = if and only if 

(a) 7(t) = n exp {t [z' + e*)/a;*) for all t e R. 

(b) z' = z* + [e*, where ^ = logn. 

Although (jj* need not be an upper bound for periods as in the Riemannian 
case, it nonetheless plays a special role among all periods, as seen in item 
3 above, and we shall refer to it as the distinguished period associated with 
(p & N. When the center is definite, for example, we do have u < uj* . 

Proof: As usual, we may assume that 7(0) = 1 £ N. Note that this 
replaces (j) as given in the statement with n~^^(j)n and 7 with n~^'y. 

For the first part of item 1, since |7(0)| = 1 there exists an orthonormal 
basis of n having 7(0) as a member. (This may well be a different basis from 
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our usual one.) Fix one such basis, and consider the positive-definite inner 
product with matrix I on this basis. Let || • || denote the norm associated 
to this positive-definite inner product. By Lemma 6.21, e* = wci. Then 

< ||ei|| < ||7(0)|| = 1 so |e*j = a;|ei| < lo. 
For the rest of item 1, we begin with Corollary 4.12 and get 

e{t) = tei + {e" -I) J'^ez , 

z{t) =t{zo + l [ei, (e*^ + /) J-^ea]) + Z2{t) + z^it) . 

By Lemma 6.21, e* = uei and e'^'^e2 = 62- Inspecting the formula for Z2{t) 
in Corollary 4.12, we find Z2{uj) = 0. Thus 

Z* = Z{u) = Uj{zo+ [61,7^^62]) -I- Z3{uj) 

= ujZo + [e*, J~^e2] + I / [e'-^J-^e2, e"-^ 62] ds . 

Jo 

By item 1 of Corollary 6.22, zq ± [e*,n]. Then 

{z',Zo) = {z*,Zo) =uj{zo,Zo) + ^ / {[e''-^J-^e2,e'-^e2],Zo)ds. 

Jo 

Recall that J is skewadjoint with respect to ( , ) (whence e*'^ is an isometry 
of ( , ) for all t), that J commutes with every e*-^ (whence so does J~^), and 
that Jx = adl zq. We compute 

{[e^'j-'e2,e^'e2] , Zo) = - {[e^'e2,e^' J-'e2] , Zo) 

= -{J-^e''e2,Je''e2) 
= {e''e2,e''e2) 
= (62,62). 

Therefore, 

{z\zn) = lo{zo,Zq) + -{e2,e2). (6.5) 

Now 17(0)1 = 1 so e = (zq, Zo) + (si, 61) + {&2-, 62), where e = ±1 as usual. 
Substituting in (6.5) for (62,62), we obtain 

/ / \ ^ / / s\ ^ (e*, 6*) 
(2;, 2^0) = -{e + {zo,Zo)) - -^—-r- 

so 

(e*, e*) - euJ^ = uJ^{zo, Zq) - 2u{z' ,Zq). 
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Adding (2;', z') to both sides, we get 



{z' + e*, + e*) — eijp' = {uzq — z',lozo — z'). (6.6) 

There are several cases: e is 1 or —1 and uzq — z' is timeUke, spacehke, or 
null. If oozo - z' is null, then \{z' + e*, z' + e*)| = cj^ > and = jz' + e*|. 
If e = 1 and — z' is timclike, or if e = —1 and wzg — z' is spacclike, then 
e(z' + e*, / + e*) > o)^ > whence lo < \z' e*\. If £ = 1 and lozq — z' is 
spacelike, or if e = — 1 and wzq — -2' is timelike, then it follows similarly that 
uj > \z' -\- e*\. This completes the proof of item 1. 

Now we prove item 2. If 7 is as given there, then exp(z* + e*) = (/> = 
7(0;) = exp(a; e*/|e* I) whence u; = |e*|. Conversely, assume oo = \e*\ and 
consider the associated positive-definite inner product Changing the 

basis of <B if necessary, wc may assume that 3, ^i, and ^2 are mutually 
orthogonal with respect to both (,) and {-jt-). Let || • || now denote the 
norm for (•,<-•). Then 

||7(0)||^ = ||2o||' + ||ei|r + ||e2||^ (6.7) 

so 117(0) 11^ = ||ei||^ if and only if 7(0) = ei = e7|e*|. But now 7 has the 
same initial data as exp(t e*/|e*|), so by uniqueness they must coincide. 

Finally, we prove the last part of item 3; the first part is immediate from 
the last part of the proof of item 1 above. So assume uj*Zo — z' = or 
zo = z'/lo*. Continue with the immediately previous positive-definite norm 
II • II and basis of (£. Substituting in (6.7) we get 



\z' + e 



* 112 



whence 



7(0) 



(W*)2 

z' + e* 



ie2ir 



CO* 

if and only if 62 = 0. □ 

Corollary 6.28 Assume the center is nondegenerate. Let & N with (p ^ 
Z and suppose that z* G [e* , n] . Then 

1. If (p translates a timelike (spacelike) geodesic with Zq nonspacelike 
(nontimelike) , then (j) has the unique period \e*\. 
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2. Let J be a unit-speed geodesic in N with 7(0) = n = exp(^) for a 
unique ^ € n. Then 4> translates 7 by the unique period \e*\ > if and 
only if e*] = z* and ^{t) = n exp(t e*/|e*|) for all t e M. 

In particular, this applies to all noncentral (f) E N if n is nonsingular. □ 

The proof follows that of [11, (4.6)] mutatis mutandis and we omit the 
details. We do note that from item 2 of Proposition 6.27, using Lemma 
1.1, we obtain exp(e* + ^[^,e*]) = n exp(e*) = 7(|e*|) = 4>n = exp(2;* + 
e*)exp(^) = exp(z* + e* + |[e*,^]), thus avoiding the use of item 3 here. 
Anent the last comment, note that if n is nonsingular then in fact 2:0 = in 
item 1, because -L [e*,n] = 3. 

In view of the comment following Proposition 6.27 and Corollary 6.28, 
the following definitions make sense at least for N with a nondegenerate 
center. 

Definition 6.29 Let S denote either a nontrivial, free homotopy class of 
closed curves in T\N or the corresponding conjugacy class in F. We define 
p*(C) to be the distinguished periods of periodic unit-speed geodesies that 
belong to C. 

Definition 6.30 The distinguished period spectrum of V\N is the set 

Dspec^(r\Ar)=|Jp*(e), 
e 

where the union is taken over all nontrivial, free homotopy classes of closed 
curves in T\N. 

Then as an immediate consequence of the preceding corollary, we get this 
result. 

Corollary 6.31 Assume the center is nondegenerate. If n is nonsingular, 
then speCp(TB) (respectively, Tp) is precisely the period spectrum (respec- 
tively, the distinguished period spectrum) of those free homotopy classes S 
of closed curves in M = T\N that do not (respectively, do) contain an el- 
ement in the center of T = tti{M), except for those periods arising only 
from unit-speed geodesies in M that project to null geodesies in both Tb and 
Tp. n 
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7 Constructing Lie algebras of pH-type 

Let us suppose that n = 3©ti=it©3©2J©(£isa vector space (not a Lie 
algebra), for which we have a basis consisting of 

{ui} a basis for it, {^a} a basis for 3 , 

{vi} a basis for QJ, {ca} a basis for (£. 

Assume that there exists a nontrivial inner product ( , ) on n which is given 
with respect this basis by 

Here, each e-symbol is ±1 independently, making the bases for 3 and (£ 
orthonormal. 

Then we define an involution r.n ^ n with respect to this basis by 
setting: 

i{Ui) = Vi , L{Vi) = Ui , l{z„) =eaZa, t(ea) = Ca • 

Thus = QJ, i(Q3) = it, i(3) = 3, = <£, and = /. Moreover, t 
is self-adjoint with respect to the inner product: {lx, y) = {x, iy) for every 
x,y G n. Therefore i is an isometry of n. Note that (x, lx) = if and only 
if X = 0. 

Let us now also assume that there is given a linear mapping 
j : il © 3 ^ End(QJ © (£) 

satisfying the conditions 

{j{a)x,Lj{a)x) = {a,ia){x,Lx) (7.1) 
j{af = -{a,ia)I (7.2) 

for every a G il © 3 and a; G QJ © €. 

Then there exists on n a canonical Lie algebra structure of pH-type, 
obtained as follows. 

First, we note that polarizing (7.1) and (7.2) yields the relations 

{j{a)x,ij{b)x) = {a,Lb){x,Lx) (7.3) 
{j{a)x,tj{a)y) = {a,ia){x,iy) (7.4) 
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for every a, 6 G il © 3 and x, y G QJ © Then it is easy to prove that the 
map j is t-skewsymmetric: 

{j{a)x,iy) + {ix,j{a)y) = 

for every a G it © 3 and :r, y G © Indeed, if a = this is trivial, and if 
a 7^ then from (7.1), (7.2), and (7.4), we get 

{j{a)x,Ly) = {j{a)x,ij{af (-(a, ta)-^y)) 

= -{a,M)-^{j{a)x,ij{a) {j{a)y)) 

= ~{a, La)-^ {a, ia){x, ij{a)y) 

= -{ix,j{a)y). 

Now we define a biHnear map 

[, ] : (9J©(£)©(QJ©€) ^il©3 

as follows: 

{[x,y],La) = {j{a)x,Ly) 

for every x, y G 9J © € and a G it © 3- We remark that [x,y] G it © 3 is well 
defined. 

Proposition 7.1 This map [,] is skewsymmetric: [x,y] = — [y,x] for every 
x,y G 9J© €. 

Proof: We compute: 

{[x,y],La) = {j{a)x,iy) 
= -{''X,j{a)y) 

= -{[y,x\,ia). ^ 

We can now define a Lie algebra structure on n by extending this map 
to all of n via 

[a + X, 6 + y] = [x, y] G it © 3 
for every a, 6 G it © 3, and a;, y G 2J © Clearly, we obtain 

Theorem 7.2 Endowed with this structure, n is a 2-step nilpotent Lie al- 
gebra of pH-type with center ii ® ^ . □ 

We illustrate this construction with two simple examples. 
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Example 7.3 Assume it = QJ = {0}, dim3 = 1, and dimC; = 2, so that 
dimn = 3. Choose bases {z} of 3 and {61,62} of C;, and nontrivial inner 
products 

e={z,z), ei = {ei,ei). 
Suppose that the mapping 

i : 3 ^ End(g) 

is given with respect to the basis {61,62} as 



-1 

1 



Then 



{[ei,e2],tz) = £([61,62],^), 



and, on the other hand, 

(j(^)ei,te2) = £2 0' (2) 61, 62) = £2(62,62) = 1. 

Hence, £([61, 62], 2:) = 1 so [61,62] = z. 

Therefore, n is the 3-dimensional Lie algebra with structure equation 
[61,62] = z; that is, the 3-dimensional Heisenberg algebra with non-null 
center. 

Example 7.4 Assume dimil = dimOJ = 1, 3 = {0} and dim€ = 1, so 
that dimn = 3 again. Choose bases {u} for il, {v} for 9J, and {e} for (B, 
and nontrivial inner products 

{u,v) = l, (e,6)=£. 

Suppose that the mapping 

J : il ^ End(2J © €) 
is given with respect to the basis {v,e} as 



-1 

1 



Then 



{[v,e],Lu) = {[v,e],v), 
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and, on the other hand, 

{j{u)e,Lv) = {j{u)e,u) = {v,u) = 1. 

Hence, {[v,e],v) = 1 so [u.e] = u. 

Therefore, n is the 3-dimcnsional Lie algebra with structure equation 
[v, e] = u; that is, the 3-dimensional Heisenberg algebra with null center. 
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